MATH 657 STOCHASTIC DIFFERENTIAL EQUATIONS SPRING 2007
Lecture note 38. Controlled diffusion processes.

Sometimes we face a situation where not only we observe some process, but are able to
influence how it goes: to control it. In these situations, problems may arise about how to
control the process in the best way possible: problems of optimal control. In some of these
situations no chance, no randomness is involved; in some other the process we are trying
to control is a stochastic one. We are going to consider controlled diffusion processes.

For simplicity’s sake, we are going to restrict our considerations to the case of time
homogeneity.

There are several different models of controlled diffusion processes; we are going to
consider one such model. Let us introduce the definitions.
Given functions b(z) = (b1(x), ..., by(x)) and o(x) = (oik(x))i=1,...r, * € R,
=1,...,n

a diffusion process is a solution of a system of stochastic equations (a vector stochastic
equation)

dX! = bi(X;)dt + Zaik(Xt) dwk, i=1,..r dX; = b(X;)dt + o(Xy) dW;.
k=1 (38.1)
Now suppose we have a variable u, taking values in a set U; we’ll call u the control
variable. Suppose we have two functions of * € R"” and u € U:

b(x, u) = (bi(z,u), ..., by, u)), o(x, u) = (oi(x, v)) Lt (38.2)

Our control strategy is a functional u(t; x,, s < t) of the past up to time ¢, taking values
in U. The controlled process under this control strategy is, by definition, a solution X}* of
the stochastic equation

dX; = b(X;‘, u(t; X s < t)) dt + G(X;L, u(t; X¥, s < lf)) dW;. (38.3)

I would like to mention that I have the same letter to denote just the variable % taking values in
the set U, and for a functional u(t; Ts, § < t) representing a strategy. However I cannot do anything
about this — short of, perhaps, using a Gothic letter for the functional; but this won’t do. Try not to get
confused. The letter being the same, the notations are different, though (just a letter versus the same

letter and a whole lot of stuff in parentheses after it).

Of course, for some control strategies a solution X' may exist, while for some other it
may not. The controller should not choose a control strategy for which no solution exists —
otherwise no control is possible.

We could consider a generalization in which the set of possible controls © at a point & € R" is not
the same U, but depends on x: u € U (.’IZ), but better we restrict ourselves to the simplest scheme.
It is natural to call a strategy a Markov one if it depends only on the value x; of the

function at the last moment observed. For such strategies, the controlled process X;* is a
Markov one (a diffusion process).



We haven’t spoken yet about optimal control; and this is because we haven’t yet said
anything about our goals in controlling: about our gain (or loss) under a control strategy
u=u(t; x5, s < t).

Suppose we have a region G C R"; a function g(x, u) is given for ¢ € G, u € U
(interpreted as our gain while using the control w at the space point & per time unit),
and a function ¢(x), € IG: payoff to us at the time 74 of leaving the region G.

Our total gain under the strategy u(t; €5, 0 < s < t) is defined as

Ta

TG
Gain" = p(X %) +/ g(X3, u(s; XY, 0< s <)) dt. (38.4)
0

[In the lecture, I wrote ¢ — /, which contradicted some other formulas

(I was confused with all these minuses); sorry, let it be +.]

Note that our gain, and every part of it, can be negative, so it could be rather a loss;
but this does not change the problem mathematically.

The time has come to make our notations more complicated by indicating the initial
point: let X7"" be the solution of the stochastic equation (38.3) with the initial condition
X = x; the stopping time

g =min{t > 0: X" ¢ G} (38.5)

(or oo if the process does not leave the region at all), the total gain

T, u

Ta
Gain™ " = o(X7%.") —|—/ g(XT" u(s; X2, 0< s <t)) dt (38.6)
0

G

We want to maximize the expected gain
E(Gain®") = max. (38.7)

Why do we consider the cost function g(:c, u), x € (7, depending on the control variable u, and the
boundary function go(a:) not depending on it? It turns out that introducing the boundary gain function
gp(:z:, u) depending also on the control does not lead to anything new and interesting. Suppose that for
every € € OG the maximum of the boundary gain function over all u € U is reached at some point
uge € U:

o(x) = 1n£1(3<g0(x,u) = p(x, ug) > p(x, u) for all u € U. (38.8)

It is the first time that we introduce this requirement that the maximum of some
function is reached at some point. Without this restriction we would have to consider a
supremum, and our equalities would hold not precisely, but up to an arbitrarily small €.
To save us all this bother, we are going to assume in this case and in similar cases later
that a minimum does exist.

It turns out that we can replace every control strategy u(t; €5, 0 < s < t) with some other,
u(t; s, 0 < s < t), that is not worse than u(t; s, 0 < s < t), and under this new strategy the
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total gain with the payoff function <p(w, u) is the same as that with the payoff function g?:(a:) depending
on the point & € OG only; so that the problem of optimization with an arbitrary payoff function gO(:B, u)
is reduced to one with the payoff function @(x).

As this control strategy % we take the strategy u, changed only at the time

T =min{t: x; ¢ G} (38.9)

at which the function x; leaves the region G. We take

u(t; xs, 0 < s <t for t # T,
u(t; x5, 0 <s<t)= { ( ) 7 (38.10)

Uy, for t=r.

The strategy U yields a better (not a worse) result in gain than u:
~ ~ TG ~ ~
o( X2, a(re; XY, s < 1a)) +/ g( X3, alt; XY, s <t)) dt
0 o (38.11)
> (X}, ulre; Xy s < 76)) +/ g( X, u(t; X, s <)) dt.
0

Indeed, before the time TG both control functions coincide, and so do the controlled processes Xf‘
and X' before the time T and atf this time; and the times at which XZ] and X} leave the re-
gion GG are the same. So the integrals coincide; and QD(XT%, (tg; X2, s < Tg)) = QE(XTﬂG) >
o(X 2, u(te; X, s <7¢)) by (38.10).

TG )

There are other settings of optimization problems similar to (38.7). For example, it is
widely acknowledged in the financial world that one dollar a year from now is worth less
for us than one dollar today. To accommodate for this, we can consider, instead of (38.4),
the gain functional

TG
e_’BTGgo(XT’g) +/ e Plg(Xy, u(s; X 0<s<t)) dt, (38.12)
0
where 3 is some positive constant, and try to maximize its expectation.
Let us look what we can obtain in case of # = 0, which seems to be a little simpler
(involving a little shorter formulas).

Let the diffusion coefficients under a control u € U be defined as

n

aij(@, u) = op(®, u) - ojk(T, u) (38.13)
k=1

(in the matrix form: a(x, u) = o(x, u) o(x, u)T). Let the linear differential operator L,
acting on twice continuously differentiable functions in G be defined by

T 2 T
L.f(x)= % Z a;;j(x, u) - 838};1 (x) + Zbi(w, u) - gi: (x). (38.14)
i=1

7, =1
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Let us introduce the following differential operator:
£f(z) = meagc(Luf(a:) + g(z, u)) (38.15)

(we suppose that the maximum is reached; otherwise we would have to consider the supre-
mum, and our formulations would be much more complicated). For every u € U the op-
erator L, + g(x, u) is “linear inhomogeneous”: a linear operator, plus a function (g(x, u))
that does not depend on the function f. But the operator £ is non-linear, and even not
“linear inhomogeneous”.

The same we can see in a much more tangible case of functions instead of operators:
the functions f,(r) = ax — a® are definitely linear; while their maximum

I2

_ () = = 38.16
f(z) = max fu(z) = — (38.16)
is definitely nonlinear. (Draw a picture of the graphs of f,(z) for a = 0, +£1/2, +1,
+3/2, £2, and of f(x).)
Theorem 38.1. Let G be a region in R™. Suppose a function v(x), x € GUIG is a
solution of the nonlinear Dirichlet problem

Lo(x) =0, x € G,

v(x) =¢(x), x € IqG, (38.17)

and suppose that this function can be extended to the whole R" to form a function that is
twice continuously differentiable and bounded together with its first and second derivatives.

Let a(x) be the value (or one of such values) at which maxy,cy Lyv(x) is reached:
Lv(x) = Lyzyv(z) for € G; and let u(x) be defined arbitrarily for € R" \ G. Let us
consider the control strategy

at; T, 0 < 5 < t) = i(wy) (38.18)

depending only on the value of the function at the last observed time. Suppose the stochastic
equation A ) ) ) )
dX; =b(X}, a(X}")) dt + o (X}, a(X[")) dW, (38.19)

has a solution for every initial value X = x € G, and E(TZ“) < 00.

Then the control strategy (38.18) mazximizes the expectation (38.7) among all
control strategies u(t; x5, 0 < s < t) for which E(T¢") < oo and the function(al)
g(a:t, u(t; s, 0 < s < t)) is bounded.

So we always have a Markov optimal strategy (there could be also non-Markov strate-
gies that are just as good; but not better).

Another thing I want to attract your attention to is that the maximum is reached at
the same strategy @ for our expectations for all starting points x: no situation of us using

one strategy for one starting point, and a different one for another.

The nonlinear equation £v(x) = 0 and other similar equations are associated with the
name of Bellman, an American mathematician: Bellman’s equation.

The proof is relegated to another lecture note.
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