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Lecture 10. More on independence.

Now about independence of infinitely many random variables (events, whole classes of
events). (But what we’ll have here will be also true for finite number of random variables,
events, classes of events.) First we go to the set-theoretic introduction to probability theory
(which is the same as for measure theory).

We have introduced σ-algebras in the sample space Ω generated by classes of events;
we can also introduce σ-algebras generated by (families of) random variables.

With every random variable, say, ξ, we can associate the σ-algebra of events (i. e.,
σ-algebra in the sample space Ω being a part of our fundamental σ-algebra F) generated
by it,

σ(ξ) =
{{ξ ∈ C} : C ∈ X}

, (10.1)

where X is the σ-algebra that we are considering in the space where ξ takes its values.
Absolutely in the same way we can consider the σ-algebra generated by several random

variables, say, ξ1, ξ2, and ξ3:

σ(ξ1, ξ2, ξ3) = σ
{{ξ1 ∈ C1}, {ξ2 ∈ C2}, {ξ3 ∈ C3} : C1 ∈ X1, C2 ∈ X2, C3 ∈ X3

}
; (10.2)

this σ-algebra can also be written as

σ(ξ1, ξ2, ξ3) =
{{(ξ1, ξ2, ξ3) ∈ C} : C ∈ X1 ×X2 ×X3

}
. (10.3)

Again, absolutely in the same way we can consider σ-algebras of events generated by
infinitely many random variables, e. g.,

σ(ξα, α ∈ A) = σ
{{ξα ∈ Cα} : Cα ∈ Xα}; (10.4)

only this σ-algebra cannot be written in a form similar to (10.3), because we haven’t
defined what an infinite direct product of σ-algebras is.

Theorem 10.1. Let ξα, α ∈ A, be a family of independent random variables. Let
Aβ , β ∈ B, be a family of disjoint subsets of the index set A: Aβ ⊆ A, Aβ ∩ Aγ = ∅
(β 6= γ).

Then the σ-algebras Sβ = σ(ξα, α ∈ Aβ), β ∈ B, are independent.
This theorem makes perfect sense in the case of finite families of random variables:

e. g., A = {1, 2, 3, 4, 5, 6}, ξ1, ξ2, ..., ξ6 independent random variables, B = {1, 2, 3},
A1 = {1, 2, 4}, A2 = {3, 6}, A3 = {5}; we conclude that the σ-algebras S1 = σ(ξ1, ξ2, ξ4},
S2 = σ(ξ3, ξ6), S3 = σ(ξ5) are independent. Or: the random vectors ξ1 = (ξ1, ξ2, ξ4),
ξ2 = (ξ3, ξ6) and the random variable ξ5 are independent. (Or, by Theorem 9.5: the random
variables η =

√
ξ2
1 + ξ2

2 + ξ2
4 , ζ = ξ3 + ξ6, and ξ5 are independent.)

Proof. Of course, since the definition of independence of infinitely many objects
(random variables, or events, or whole classes of such) are defined through independence
of finitely many objects, we come to some statement about finite number of them.
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We have to prove that for every finite set {β1, ..., βk} ⊆ B the σ-algebras σ(ξα,
α ∈ Aβ1), ..., σ(ξα, α ∈ Aβk

) are independent. The σ-algebra σ(ξα, α ∈ Aβi) is gen-
erated by the semi-algebra

{{ξαi1 ∈ Cαi1 , ..., ξαiji
∈ Cαiji

}, αi1, ..., αiji
∈ Aβi

, Cαi1 ∈
Xαi1 , ..., Cαiji

∈ Xαiji

}
, so it is enough to prove that the events {{ξα11 ∈ Cα11 , ..., ξα1j1

∈
Cα1j1

}, ..., {ξαk1 ∈ Cαk1 , ..., ξαkjk
∈ Cαkjk

} are independent for every finite k, j1, ..., jk.
And this means that

P{ξα11 ∈ Cα11 , ..., ξα1j1
∈ Cα1j1

, ..., ξαk1 ∈ Cαk1 , ..., ξαkjk
∈ Cαkjk

}
= P{ξα11 ∈ Cα11 , ..., ξα1j1

∈ Cα1j1
} · ... · P{ξαk1 ∈ Cαk1 , ..., ξαkjk

∈ Cαkjk
} (10.5)

for every finite k, j1, ..., jk, Cαij
∈ Xαij

. But this follows from the independence of ξα,
because both sides are equal to

P{ξα11 ∈ Cα11} · ... · P{ξα1j1
∈ Cα1j1

} · ... · P{ξαk1 ∈ Cαk1} · ... · P{ξαkjk
∈ Cαkjk

}. (10.6)

The mathematical concept of independent random variables is designed to serve as a
mathematical model for quantities that are “physically” independent (this, in the extra-
mathematical world). It would be very bad if it turned out that no such mathematical
object as independent random variables exists (or independent random variables exist, but
only under very severe restrictions): it would mean that the mathematical model is not
valid. So we go to the question of existence.

For finitely many random variables the question for is solved easily:

Theorem 10.2. Let µ1, ..., µn be distributions (i. e. probability measures – with
their largest value equal to 1) on measurable spaces (X1, X1), ..., (Xn, Xn). Then there
exists a probability space (Ω, F , P ) and independent random variables ξ1, ..., ξn on it such
that the distribution of ξi is µi.

Proof. We take Ω = X1 × ... ×Xn, F = X1 × ... × Xn, P = µ1 × ... × µn, and, for
ω = (x1, ..., xn),

ξi(ω) = xi, i = 1, ..., n. (10.7)

The joint distribution of ξ1, ..., ξn clearly is µ1 × ... × µn, the distribution of every ξi

is µi:

µξi(C) = P{ξi ∈ C} = (µ1 × ...× µn)(X1 × ...×Xi−1 × C ×Xi+1 × ...×Xn) =
µ1(X1) · ... · µi−1(Xi−1) · µi(C) · µi+1(Xi+1) · ... · µn(Xn) = 1 · ... · 1 · µi(C) · 1 · ... · 1.

(10.8)
The random variables ξ1, ..., ξn are independent because their joint distribution is the
direct product of their individual distributions in Xi.

Theorem 10.3. There exists a probability space and an infinite sequence of indepen-
dent random variables ξ1, ..., ξn, ... on it such that all of them have the distribution with
probability 1/2 at each of the points 0, 1:

P{ξi = 0} = P{ξi = 1} = 1/2. (10.9)
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Proof. Take Ω = [0, 1), F = B[0, 1), P being the one-dimensional Lebesgue mea-
sure, λ1.

Each number ω ∈ Ω = [0, 1) has a binary representation:

ω =
a1

2
+

a2

4
+

a3

8
+ ... +

an

2n
+ ..., ai = 0 or 1. (10.10)

Some numbers have two different binary representations, e. g.,
3
8

=
0
2

+
1
4

+
1
8

+
0
16

+

... +
0
2n

+ ... =
0
2

+
1
4

+
0
8

+
1
16

+
1
32

+ ... +
1
2n

+ ... . For definiteness, take the binary
representation with infinitely many zeros.

Let us define the function ξi on the interval [0, 1) by taking ξi(ω) being equal to the
i-th binary digit in the representation (10.10): ξi(ω) = ai.

We have:

{ω : ξ1(ω) = 0} = [0, 1/2), {ω : ξ1(ω) = 1} = [1/2, 1); (10.11)

{ω : ξ2(ω) = 0} = [0, 1/4) ∪ [1/2, 3/4)), {ω : ξ2(ω) = 1} = [1/4, 1/2) ∪ [3/4, 1);
(10.12)

generally,

{ω : ξn(ω) = 0} =
2n−1−1⋃

i=0

[ i

2n−1
,

2i + 1
2n

)
, {ω : ξn(ω) = 1} =

2n−1⋃

i=1

[2i− 1
2n

,
i

2n−1

)
.

(10.13)
We see that ξi are indeed random variables (the inverse images ξ−1

i (C) are Borel
sets: finite unions of intervals); and since the sums of the lengths of the intervals (10.11) –
(10.13) are equal to 1/2, they all have the same distribution given by (10.9). The joint
probability mass function of the first n random variables is given by

P{ξ1 = a1, ξ2 = a2, ..., ξn = an}
= P

[a1

2
+

a2

4
+ ... +

an

2n
,

a1

2
+

a2

4
+ ... +

an

2n
+

1
2n

)
=

1
2n

, ai = 0 or 1;
(10.14)

this means that for every n the random variables ξ1, ..., ξn are independent. Also are
independent ξi1 , ..., ξik

with ij 6= il (j 6= l) – this follows from the fact that ξ1, ...,
ξmax(i1, ..., ik) are independent. And this means independence of the whole infinite sequence
of ξi.

Theorem 10.4. There exists a sequence of independent random variables all of them
having the uniform distribution on the interval from 0 to 1.
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Proof. Take the random variables ξ1, ..., ξn, ... of Theorem 10.3, and take

η1 =
ξ1

2
+

ξ2

4
+

ξ4

8
+

ξ7

16
+

ξ11

32
+ ...,

η2 =
ξ3

2
+

ξ5

4
+

ξ8

8
+

ξ12

16
+ ...,

η3 =
ξ6

2
+

ξ9

4
+

ξ13

8
+ ...,

η4 =
ξ10

2
+

ξ14

4
+ ...,

η5 =
ξ15

2
+ ...,

. . . .

(10.15)

(each of the random variables ξi participating once and only once).
The series in (10.15) converge (they are dominated by the geometric series, and the

sums are between 0 and 1); and their sums are F-measurable because they are limits of
measurable partial sums – see Lecture 4, around formula (4.39). And, by the way, we feel
that the sum of finitely many (two is enough) random variables is again a random variable;
but we haven’t proved it. See Problem 10 .

Let us prove that each of the random variables ηi has the uniform distribution on the
interval from 0 to 1.

Do we include the ends? This does not matter because for ηi =
∑∞

j=1 ξkj /2j we have:

P{ηi = 0} = P{ξk1 = 0, ξk2 = 0, ..., ξkn = 0, ...} =
∞∏

j=1

P{ξkj = 0} =
∞∏

j=1

1
2

= 0, (10.16)

and the same for P{ηi = 1} (I assume that the solution of Problem 22 is in the positive;
if the statement is disproved, we have to invent some other method to prove this minor
point in our proof of Theorem 10.4).

Let us consider in the interval from 0 to 1 – OK, let’s take it with its left end but
without the right end: [0, 1) – let us consider in it the class of subsets

A = {∅, [0, 1), [0, 1/2),[1/2, 1), [0, 1/4), [1/4, 1/2), [1/2, 3/4), [3/4, 1),
[0, 1/8), [1/8, 1/4), [1/4, 3/8), ... ...} :

(10.17)

the empty set, and all intervals of length 1/2n with ends being multiples of k/2n, for n =
0, 1, 2, 3, ... .

This class of sets is clearly a semi-algebra in [0, 1) (say, the complement of the inter-
val

[
k/2n, (k+1)/2n

)
is the disjoint union of 2n−1 intervals of the same length belonging

to A); this semi-algebra generates the Borel σ-algebra of our interval: B[0, 1) = σ(A), so by
the uniqueness part of Theorem 6.1 the values of µηj on the sets belonging to A determines
this measure on

(
[0, 1), B[0, 1)

)
uniquely (and we saw that this distribution is completely

concentrated on this interval: µηi [0, 1) = 1, µηi

(
R1 \ [0, 1)

)
= 0).
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If ηi =
∑∞

j=1 ξkj
/2j , the event

{
ηi ∈

[a1

2
+

a2

4
+ ... +

an

2n
,

a1

2
+

a2

4
+ ... +

an + 1
2n

)}
(10.18)

can be written as

{ξk1 = a1, ξk2 = a2, ..., ξkn
= an}

\ {ξk1 = a1, ξk2 = a2, ..., ξkn = an, ξkn+1 = ξkn+2 = ... = 1}. (10.19)

The set that we are subtracting here has zero probability (its probability is equal to the
product of infinitely many (1/2)’s); and the probability (10.18) is equal to

P{ξk1 = a1} · P{ξk2 = a2} · ... · P{ξkn = an} =
1
2n

, (10.21)

as it should be for the uniform distribution on [0, 1).
Now to independence.
For every k and for every n the partial sums with n summands for the infinite series

defining η1, ..., ηk are independent. Now, independence survives limit passage – solve
Problem 23 .

Theorem 10.5. Let µ1, µ2, ..., µn, ... be a sequence of probability distributions on
the real line. Then there exists a probability space and a sequence of independent random
variables ζ1, ζ2, ..., ζn, ... on this space such that each ζi has µi as its distribution.

Proof. We take the distribution functions Fi(x) = µi(−∞, x] and their pseudo-
inverses Gi; and we apply Gi to the independent random variables ηi of the previous
theorem:

ζi = Gi(ηi). (10.22)

By Theorem 9.5, these random variables are independent; and by the second proof of
Theorem 5.5 they have Fi as their distribution functions.

This is a very important result; in particular, it shows that when we in Probability Theory say: “If
ξ1, ξ2, ..., ξn, ... is a sequence of independent random variables with such and such distributions, then
this or that is true”, our statement is not only true because there is no such sequence. It would be very
unpleasant if we did not have Theorem 10.5.
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