MATH 755-01 INTRODUCTION TO PROBABILITY FALL 2008
Lecture 16. Characteristic functions, continued.

Now the time has come to speak about multidimensional characteristic functions:
about characteristic functions of random wvectors.

Let & = (&, ..., &) be an n-dimensional random vector. The characteristic function
of this random vector (or the characteristic function of its n-dimensional distribution; or
the joint characteristic function of the random variables &3, ..., &,) is the function of an
n-dimensional argument t defined by

F(8) = fe(t) = fult) = Beitt = / ¢t u(dz), (16.1)

n

where - denotes the dot product; or, in coordinates:

Ft, oy tn) = feo, ety s tn) = fu(ta, - tn)
— et &t Htadn) — /---/ei (t121+ A tnay,) w(dzy ... dzn). (16.2)
Rn

The following uniqueness theorem is proved in exactly the same way as Theorem 15.1,
only one has to use multidimensional Fourier series, and multidimensional intervals (par-
allelepipeds, or, in the two-dimensional case, rectangles with sides parallel to the axes):

Theorem 16.1. Let p and v be two distributions (probability measures) in R™.
If their characteristic functions coincide: f,(t) = f,(t), t € R", then these distributions
coincide.

We had Theorems 9.6-9.8" expressing independence in terms of probability mass
functions, densities, distribution functions. In principle, since there is a one-to-one corre-
spondence between distributions and their characteristic functions, every property of distri-
butions can be expressed in terms of characteristic functions. Independence of n random
variables is some property of their joint distribution: it means that the joint distribution is
the direct product of the one-dimensional distributions; so we should be able to formulate
a criterion for independence in terms of characteristic functions.

Theorem 16.2. Random variables &1, ..., &, are independent if and only if their joint
characteristic function is the product of their individual one-dimensional characteristic
functions, taken each of the argument with the corresponding number:

fer, o en (b s tn) = fe, (t1) - oo fe, (tn); (16.3)

or, if the joint characteristic function factorizes into functions taken each of one one-
dimensional argument:

fé:l,n-, En(tla ooy tn) = gl(tl) teee gn(tn)~ (164)



Proof. That (16.3) (and with it also (16.4)) follows from independence we obtain
from the complex version of Theorem 9.1 (formula (14.10)):

fer, e, (b1, ty) = Eet (&t ttnln) — E[e“lgl-...-eitngn] = Fe'tié1. . Eelltntn, (16.5)
Now, suppose (16.3) holds for all ¢4, ..., t,,. We have to prove that the joint distribution
He,, ..., ¢, 1s the same as the direct product pe, X ... X e, .

The characteristic function of the first of these two measures is equal to
fer, . e, (t1, ..., tp); that of the direct product

fu«sl X g, tla ey / / ttwit e x”)ﬁbg (dZL'1) - Mg, (dxn) (16.6)

By Fubini’s Theorem, this is equal to the iterated integral

/oo [ [/O; ei(tlwﬁmﬂnxn)Mén(dxn)]---] pe, (dzy)

= [ ety [t ) = () )

— 00 — 00

(16.7)

By (16.3) we see that the characteristic functions of the measures pg,, . ¢, and pe, X
X... X g, coincide for all ¢ € R", so these measures coincide: the random variables are
independent.

Finally, if (16.4) is satisfied, but we don’t know whether g (tx) = fe, (tx): It is clear
that '
fen (tx) = Eeitrér — fer, e 0,..., 0, t, 0, ..., 0) (16.8)

with ¢; in the k-th place, and all other arguments equal to 0. If (16.4) holds, we have:

e (te) Hgg - gk (tr), (16.9)
J#k
T feo(tr) = g1(0)" " - - gn(0)™ " T (). (16.10)
k=1 k=1
Since .
Jeu, .. ,ﬁn( ey 0) = H e (0) =1, (16.11)
k=1
we have
a0t g (0 =1, (16.12)

and (16.3) is satisfied.

Let us go to properties of characteristic functions that are more elementary than the
uniqueness theorem (Theorems 15.1, 16.1).



Theorem 16.3. Let & be a random wvariable, ¢ and d real numbers; n = c& + d.
Then

fa(t) = fe(ct) - it (16.13)
Proof:
Feit(cé+d) _ poilet)e | gidt (16.14)

As an example, let us consider normal distributions. It turns out that normal distri-
butions are easiest handled by means of their characteristic functions.

Let & be a random variable having the standard normal distribution, i. e., the normal
distribution with parameters (0, 1). Its characteristic function is fe¢(t) = e t/2 (see
formula (14.34)). Let us take n = c¢£ + d, where ¢ and d are some real constants. From
the elementary probability course we know that c£ + d has again a normal distribution
with parameters... what are the parameters? The parameters of the normal distribution
are the expectation (the mean) and the variance; they are easily found for the random
variable n: En=E(cé+d)=c-Eé+d=c-0+d=d, Var(n) = E(n —d)? = E(c*¢?) =
2 E&? = c?-Var(€) = ¢?-1 = ¢?: the random variable n = c£+d has a normal distribution
with parameters (d, 62). (I don’t know whether it was proved in your elementary probability course, and
if yes, how it was proved; one possible way is to find the distribution function Fﬂ(y) = P{Cf +d< y},
and after that, differentiating, find the density p, (y) — of course, this is not in the case of ¢ = 0, in which
case the random variable 17 = 0 - £ + d is just a constant, and as such has no probability density.)

Now let us find the characteristic function of the random variable n = c¢£ + d: by
formula (16.13)

fn(t) — gldt fg(ct) — it e—(ct)2/2 _ eidt—c2t2/2. (16.15)

So: the characteristic function of the normal distribution with parameters (a, b) (a be-
ing an arbitrary real number, and b positive) is

f(t) = elotmbr/ (16.16)
(we took d = a, and ¢ = v/b or —V/b).

Now let us go to several dimensions.
Before now, it wasn’t important to us whether we write our vectors as row vectors or
as column ones. Let us set a standard now: we are going to write them as column vectors.

Theorem 16.4. Let & = 51 be an n-dimensional random wvector, C an

(m x n)-matriz, d = dl an m—d%nensional (column) vector (C' and d non-random).
Let n=C¢+d. Thendm

fon®) = fo(ti, ooy tm) = fe(CTE) - €4, teR™ (16.17)

(" here denotes the transposed matrix).

This is a multidimensional analog of Theorem 16.3. The proof is essentially the same:

Eett(Cé+d) — peit" (C8) pit"d _ oit"d pi(t" )¢ _ pdt poi(CTh)-6 Gd'tfg(CTt). (16.18)
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Example: Let &, ..., &, be independent standard normal random variables; their joint
characteristic function (the characteristic function of the random vector &) is

Fe(t) = ferr e (b, ooy tn) = [ ] feo (tr) = €=ttt/ = o= I1/2, (16.19)
k=1

Let C' be an (n x n)-matrix, a an n-dimensional vector. Then the random vector n =
C& + a has the characteristic function equal to

fn(t) = fg(C’Tt) cefat — exp{—|tC’|2/2 +ia-t}

16.20
=exp{—(tTC)- (CTt)/2 +ia-t} = exp{—t' (C-CT)t/2 + ita}. ( )
In terms of ¢, ..., t,, we can rewrite this formula as
fm7 s O (tl, ceey tn) = exp{—% Z bkltktl — iZaktk}, (16.21)
k,l=1 k=1
where by, are the entries of the matrix B = C - C7T":
bkl = Z ijclj, (1622)
j=1

cx; being the entries of the matrix C. The first sum in (16.21) is the quadratic form with
the matrix B.

Let a be an n-dimensional vector, and B an (n X n)-matrix. By definition, the
n-dimensional normal distribution with parameters (a, B) is one whose characteristic func-
tion is given by formula (16.21).

Our example tells us that such a thing as the multidimensional normal distribution
exists. But can we assign its parameters (a, B) arbitrarily? It turns out that no: the
matrix B has to be nonnegative definite:

n tl
t"Bt= ) butit; >0 forallt=| .. | eR" (16.23)
k,l=1 tn
Why? If Z,Zl:l britit; < 0 for some tq, ..., t,, we have
’f(tl, ceey tn)‘ = exp{—% Zbkltktl} > 1, (16.24)
k1

which is impossible.
Also, we know that the matrix of a quadratic form ), , buitit; can be chosen sym-

b + b

metric: if it is not, we replace (by;) with (l;kl), by = with the same value of the

quadratic form: Zk,l Bkltktl = Zk,l bk:ltlctl-



ai
Let a = | ... | be an arbitrary column vector € R™; B a symmetric nonnegative-
an
definite (nxn)-matriz. Then there exists an n-dimensional distribution with characteristic

function
f(t) =exp{—it"Bt +ia"t}. (16.25)

Proof: Every symmetric matrix can be reduced to the diagonal form:

A1
B=A. AT (16.26)
An

A
with zeros in the matrix . outside the diagonal. For a nonnegative-definite

An
matrix B all \; are nonegative. Let us take

ven
C=A- ; (16.27)

we have:
or! VA ’
Cc.ct=4 . AT
vV vV
Vi Vi
=A-. . AT (16.28)
Vn Van
A1
=A. - AT = B.
An
So if we take independent standard normal random variables &, ..., &,, form a column
vector &, and take n = C& + a, the n-dimensional random vector 7 will have the

characteristic function (16.25).

Our new definition of the n-dimensional normal distribution changes something in
the one-dimensional case: before now, we considered only normal distributions with posi-
tive second parameter b; and now we can consider the normal distribution with parame-
ters (a, 0) (the (1 x 1)-matrix 0 is certainly nonnegative definite): this is the distribution
with characteristic function f(t) = e!%!. It is easy to see that this is the distribution d,
concentrated at the point a: 6,(C) =1 if C 3 a, and =0 for C % a.



