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Lecture 17. More about characteristic functions. Weak convergence of distri-
butions.

Now let us consider the relation between characteristic functions and the moments.
Theorem 17.1. Let ξ be a real-valued random variable with finite expectation:

E |ξ| < ∞. Then the characteristic function f(t) = fξ(t) is differentiable, and

f ′(0) = i · Eξ. (17.1)

Proof. We have:

f ′(0) = lim
h→0

f(h)− f(0)
h

= lim
h→0

Eeihξ − Eei0ξ

h
= lim

h→0
E

eihξ − ei0ξ

h
. (17.2)

As h → 0, the ratio
eihξ − ei0ξ

h
converges, for every ω ∈ Ω, to the derivative of the

function eitξ at t = 0, which is equal to iξ. All random variables
eihξ − ei0ξ

h
, for every

h 6= 0 and every ω ∈ Ω, are dominated by the random variable |ξ|:
∣∣eihξ − ei0ξ

h

∣∣ ≤ |ξ| (17.3)

(|eihξ − ei0ξ| is the distance between the two points eihξ and ei0ξ on the unit circle in the
complex plane along the straight line, while |h||ξ| is the distance between them along the
arc of the circle); so by the dominated-convergence theorem (Theorem 14.3) we have:

f ′(0) = lim
h→0

E
eihξ − ei0ξ

h
= E lim

h→0

eihξ − ei0ξ

h
= Ei · ξ = i ·Eξ. (17.4)

Just the same way we prove also that for every t ∈ R1

f ′(t) = i · E(ξ · eitξ. (17.5)

Theorem 17.2. Suppose E |ξ|k < ∞. Then the characteristic function is k times
differentiable, and

f (k)(0) = ik · Eξk. (17.6)

Proof. Differentiating formula (17.5), we get:

f ′′(t) = lim
h→0

i · E(ξei(t+h)ξ)− i · E(ξeitξ

h
) = lim

h→0
i · E ξei(t+h)ξ − ξeitξ

h
; (17.7)

∣∣ξei(t+h)ξ − ξeitξ

h

∣∣ ≤ |ξ|2, (17.8)
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and by the dominated-convergence theorem

f ′′(t) = E lim
h→0

i · ξei(t+h)ξ − ξeitξ

h
= E(i2ξ2eitξ); (17.9)

etc. Taking these derivatives at t = 0, we get (17.6).

For ξ having the normal distribution with parameters (a, b) we have f(t) =
e−bt2/2+iat,

f ′(t) = e−bt2/2+iat · (− bt + ia), f ′′(t) = e−bt2/2+iat · [(− bt + ia)2 − b], (17.10)

Eξ = a, Eξ2 = a2 + b, Var(ξ) = Eξ2 − (Eξ)2 = b. (17.11)

So the meaning of the two parameters of the one-dimensional normal distribution is the
expectation and the variance.

Theorem 17.3. If the characteristic function is twice differentiable at t = 0, then
the second moment Eξ2 is finite (and, by Theorem 17.2, Eξ2 = −f ′′(0)).

Proof. If a function f(t) is twice differentiable at some point t0, its second derivative
at this point can be found as

lim
h→0

f(t0 + h)− 2f(t0) + f(t0 − h)
h2

. (17.12)

This is a fact from Analysis, and my general policy is not to give proofs of such results;
but here is the proof:

Let us write the Taylor formula with terms up to the second derivative:

f(t0 + h) = f(t0) + f ′(t0) · h + 1
2 f ′′(t0) · h2 + o(h2) (h → 0). (17.13)

Here o(h2) denotes a function that goes to 0 faster than h2 as h → 0; that is,

lim
h→0

f(t0 + h)− f(t0)− f ′(t0) · h− 1
2 f ′′(t0) · h2

h
= 0. (17.14)

The equality (17.14) can be obtained by using l’Hôpital’s rule a couple of times.

Of course, equality (17.13) can also be written for − h instead of h:

f(t0 − h) = f(t0)− f ′(t0) · h + 1
2 f ′′(t0) · h2 + o(h2) (h → 0). (17.15)

Putting this together with (17.13) in (17.12), we obtain that the limit (17.12) is equal to
f ′′(t0).

Taking t0 = 0, we have:

f ′′(0) = lim
h→0

f(h)− 2f(0) + f(−h)
h2

= lim
h→0

Eeihξ − 2 + Ee−ihξ

h2
= − 2 lim

h→0
E

1− cos hξ

h2
.

(17.16)
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By Fatou’s Lemma (Theorem 14.5), we have:

E lim
h→0

1− coshξ

h2
= E lim

h→0

1− coshξ

h2
=

ξ2

2

≤ lim
h→0

E
1− cos hξ

h2
= lim

h→0
E

1− coshξ

h2
= −f ′′(0)

2
< ∞.

(17.17)

And now we apply Theorem 17.2 with k = 2.
So, for k = 2 twice-differentiability of the characteristic function fξ at zero is equiv-

alent to the existence of the moment Eξ2. Is this so for k 6= 2: does E |ξ|k < ∞ follow
from the characteristic function being k times differentiable? I am giving a non-obligatory
problem 33* (with k = 1).

The multidimensional version of Theorem 17.2:
Theorem 17.4. Let ξ1, ..., ξn be random variables, and E(|ξ1|j1 · ... · |ξn|jn) < ∞

for 0 ≤ j1 ≤ k1, ..., 0 ≤ jn ≤ kn. Then

∂k1+...+knf

(∂t1)k1 ...(∂tn)kn
(0, ..., 0) = ik1+...+kn · E(ξk1

1 · ... · ξkn
n ). (17.18)

Applying this to a random vector ξ having the normal distribution with parame-
ters (a, B):

∂ exp
{− 1

2

∑n
k, l=1 bkltktl + i

∑n
k=1 aktk

}

∂tj

= exp
{− 1

2

n∑

k, l=1

bkltktl + i

n∑

k=1

aktk
} · (−

n∑

k=1

bjktk + iaj

) (17.19)

( 1
2 disappears, because for k 6= l we have to take into account the summands with k = j,

and those with l = j; and for l = k we differentiate t2j ),

∂2 exp
{− 1

2

∑n
k, l=1 bkltktl + i

∑n
k=1 aktk

}

∂tj∂ts
= exp

{− 1
2

n∑

k, l=1

bkltktl + i

n∑

k=1

aktk
}×

×[(−
n∑

k=1

bjktk + iaj

) · (−
n∑

l=1

bslts + ias

)−bjs

]
,

(17.20)

Eξj =
1
i
· iaj = aj , E(ξjξs) = − ∂2f

∂tj∂ts
(0, ..., 0) = ajas + bjs, (17.21)

Cov(ξj , ξs) = E(ξj − Eξj)(ξs − Eξs) = E(ξjξs)− Eξj · Eξs = bjs. (17.22)

That is, the first parameter, a, is the vector of expectations, and the second, B, is
the matrix of covariances (the covariance matrix).
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Just as sometimes we have to consider convergence of sequences of random variables –
in fact, different types of convergence – sometimes we have to consider convergence of
sequences of distributions. In this case too, we can consider different types of convergence
of random variables; here we are going to consider only one type of convergence: weak
convergence of distributions.

Let µ1, µ2, ..., µn, ... be a sequence of distributions. We say that this sequence
converges weakly as n → ∞ to a distribution ν (notation: µn →w ν, or: (w) limn→∞ µn

= ν) if for every bounded continuous function f(x)

lim
n→∞

∫
f(x) µn(dx) =

∫
f(x) ν(dx). (17.23)

Integrals over what?? As a matter of fact, we have introduced a convention: if a sum,
or an integral, or whatever (say, a product) is taken, without any mention of the set over
which the variable (x in the present case) runs, we take it over all possible values of the
variable.

Note that we haven’t specified in what space we consider our distributions.
If it is the real line, we take the integral over R1, i. e. from −∞ to ∞; if it is

n-dimensional distributions we are talking about (distributions of n-vectors), we take
the integrals over Rn. But also we can consider weak convergence of distributions in an
arbitrary metric (or topological) space X (with its Borel σ-algebra BX): in this case too it
makes sense considering continuity of functions f(x) (and their boundedness makes sense
in an arbitrary space X).

Most of what follows holds for wide classes of metric spaces; but for simplicity and
concreteness we’ll restrict ourselves to distributions on the real line (with going to Rn only
to say that in the n-dimensional space this is exactly the same).

Example 17.1. The binomial distribution with parameters (n, p), where n is a
natural number, and 0 ≤ p ≤ 1, is, by definition, the discrete distribution concentrated at
the points 0, 1, 2, ..., k, ..., n− 1, n, with

µ{k} =
(

n
k

)
pk(1− p)n−k, k = 0, 1, 2, ..., n− 1, n, (17.24)

where
(

n
k

)
=

n!
k!(n− k)!

is the number of combinations of size k out of n. (Such will

be the distribution of the number of successes in n Bernoulli trials with probability of
success in one trial equal to p; i. e., the distribution of the sum of n independent random
variables ξ1, ..., ξn with P{ξi = 1} = p, P{ξi = 0} = 1− p}.)

Let µn, for every natural n, be the binominal distribution with parameters (n, pn),
where pn → 0 (n →∞), limn→∞ n · pn = a ∈ [0,∞). We have for every integer k ≥ 0:

lim
n→∞

µn{k} = lim
n→∞

(
n
k

)
pk

n(1− pn)n−k

= lim
n→∞

n · (n− 1) · ... · (n− k + 1)
k!

· pn(1− pn)n−k

=
1
k!

k−1∏

j=0

[(n− j)pn] · (1− pn)n

(1− pn)k
=

1
k!
· ak · e−a

1k
=

ake−a

k!
.

(17.25)
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We see that this is the probability mass function of the Poisson distribution with param-
eter a.

Using the result of Problem 38 (or not using it – if you disprove its statement), we
can prove that the binomial distribution with parameters (n, pn) converges weakly to the
Poisson distribution with parameter a as n →∞ if n · pn → a.

Another example: µn is the normal distribution with parameters (an, bn); suppose
an → a, bn → b as n →∞. Let us prove that µn →w ν (n →∞), where ν is the normal
distribution with parameters (a, b).

First consider the case of b being positive (according to our new definition, we can
also consider the normal distribution with the second parameter equal to 0).

We have to prove that for every bounded continuous function f(x)

∫

−∞
f(x) · 1√

2πbn

e−(x−an)2/2bn dx →
∫

−∞
f(x) · 1√

2πb
e−(x−a)2/2b dx. (17.26)

The integrand in the left-hand side integral converges to that in the right-hand side for
every x ∈ (−∞,∞); so to prove (17.26) it is enough to establish that all integrands
(say, starting with some n = n0) are dominated by some integrable function. Take some
positive b < b = limn→∞ bn. There exists a constant C such that for all n ≥ n0 and
all x ∈ (−∞, ∞)

1√
2πbn

e−(x−an)2/2bn ≤ C · e−x2/b (17.27)

(of course we have to prove that such a constant C exists, but I omit the proof). Now, all

integrands f(x) · 1√
2πbn

e−(x−an)2/2bn with n ≥ n0 are dominated in absolute value by

the function supx |f(x)| ·C ·e−x2/2b (remember, the function f(x) was supposed bounded,
i. e., supx |f(x)| < ∞), and this function is integrable.

Note that we have used only the boundedness of the function f(x), but not its conti-
nuity.

Take on the case of b = 0 in the following problem:

39 Let µn be the normal distribution with parameters (an, bn), bn > 0; suppose an → a,
bn → 0 as n →∞.

Prove that µn →w δa (n → ∞), where δa is the distribution concentrated at the
point a: δa(C) = 1 if C 3 a, and = 0 if C 63 a.

5



Before now we considered only distributions: probability measures on (R1,B1); and
did not mention random variables whose distributions they are.

Suppose we have a sequence of random variables ξ1, ξ2, ..., ξn, ..., and another random
variable η. By definition, the sequence of their distributions µξ1 , µξ2 , ..., µξn

, ... converges
weakly to the distribution µη: µξn

→w µη (n → ∞) if and only if for every bounded
continuous function f(x)

∫ ∞

−∞
f(x) µξn

(dx) →
∫ ∞

−∞
f(x) µη(dx) (n →∞). (17.28)

But the integrals here can be rewritten as expectations: µξn
→w µη if and only if for every

bounded continuous f(x)

Ef(ξn) → Ef(η) (n →∞). (17.29)

Theorem 17.5. If ξn → η almost surely as n →∞, then the distribution µξn →w

µη (n →∞).
Proof. We have to prove (17.29) for every bounded continuous f(x). Since f is

continuous, we have, almost surely:

f(ξn) → f(η) (n →∞). (17.30)

All these random variables are dominated by a random variable having a finite expectation,
namely with the constant supx |f(x)| < ∞; so by the dominated-convergence theorem we
have (17.29).
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