MATH 755-01 INTRODUCTION TO PROBABILITY FALL 2008
Lecture 18. Weak convergence of distributions.

Theorem 17.5, in particular, allows us to prove (17.26) in another, easier way: we take
arandom variable ¢ having the standard normal distribution (i. e., with parameters (0, 1));
then &, = /b, - ( + a, has the normal distribution with parameters (a,, b,), and n =
Vb - ¢ + a the normal distribution with parameters (a, b). So we have to prove:

Ef(\/bn - C+an) — Ef(Vb-( +a). (18.1)

We have for every w € ():

W) = by - (W) + by — nw) = Vb ((w) +b; (18.2)

so by Theorem 17.5 we have fig, —w fiy-

In our examples we had discrete distributions converging to discrete ones, and con-
tinuous to continuous ones; but it is possible for a sequence of discrete distributions to
converge to a continuous one (see the next example), and the opposite is also possible (see

Problem )

Example: Let pu, be the mixture of unit measures concentrated at the n + 1 points
0,1/n,2/n, ... k/n, .., (n—1)/n, 1 with weights 1/(n + 1) each:

Z — = O/n(C), (18.3)

k=0
where

1, C > k/n,

0, C Zk/n. (18.4)

Or/n(C) = {

Let us prove that the weak limit v of this sequence of measures (distributions) is the
uniform distribution on the interval [0, 1]:

U(C) = /C To.y(2) dz = M (CN 0, 1)). (18.5)

For an arbitrary bounded continuous function f(z) we have:

| 5w matin) =3 5(5)
- k=0

/_ O; (@) v(dz) = /O b da (18.7)

(of course, (18.6) holds not only for continuous bounded functions, but for all functions).

(18.6)
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The sum (18.6) is the Riemann sum for the integral if we take the partition of the inter-

val [0, 1] by the points zj = T k=0,1,2,..,n—1,n,n+1, and choose in each inter-
n

k kE+1 k kE k+1

, + } the point — (this point is indeed in this interval: — < i );
n+1' n+1 n n+l " n = n+l
and we have:

1
/ f(x) pp(do) Zf iii - f_ 1} — (Riemann)/O f(x) dx. (18.8)

val [ <

But, as we know, the (proper) Riemann integral, if it exists, coincides with the Lebesgue
integral with respect to the Lebesgue measure; so

/ (@) pn(de) — / T @) vldr) (- o) (18.9)

for every bounded continuous function f(z), and p, — v.

Theorem 18.1. Let i, p2, ...y fn, ..., be a sequence of probability distributions in
the real line; v a probability distribution. Let Fy(x), Fy(x), ..., Fy(x), ..., G(x) be the
corresponding distribution functions:

Fi.(z) = p(—o0, ], G(x) = v(—o0, 7], r € R (18.10)

If
lim F,(z) = G(z) (18.11)

n—oo

for all x belonging to a set K that is dense in R, then p, —, v (n — o).

Proof. Let f(z) be a bounded continuous function. We have to prove that

lim f ) i (dx) / f(x (18.12)

n—oo

This means that for every positive € there exists a natural n, such that for every n > n,

‘/_O:O fx) pm(dz) — /_O; f(2) u(dx)’ <e. (18.13)

Let || f]| = sup, | f(z)].
We know that lim,_,., G(z) =1, lim,_,_o, G(z) = 0. This means, in particular, that
there exist such negative a and positive b that

Gla) < Gb)>1— -

£
8II.A1° 8IIfII

Without restriction of generality, we can assume that a, b € K: indeed, if, say, a ¢ K, we
can replace it by an o’ < a such that o’ € K, and G(d') < G(a) = v(—o0,a] < ¢/8||f]|
(or o' >0, b € K, G(b') > G(b) > 1 — /8] f|, v(b,00) <e/8]|f])-

(18.14)
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Now, on the interval [a, b] the continuous function f(z) is wuniformly continuous;

and there exists a positive § such that from z, y € [a, b], |z — y| < § it follows that
€

|f(x)— fy)| < 3 Let us divide the interval [a, b] into N intervals of length less than §

by the points a =xg <21 <29 < ... <Xp_1 < T < ...<xy_1 < xNy =b.

Again, without restriction of generality we can assume that all x; € K: otherwise we
can move each xj a little so that it is in K now, but still its distances from its neighbors
Tp — Tkp—1, The1 — Tk are still < 9.

We have:

@@= [ ) vian)

< [ E@lm@) s [ i) )
+| [ @ pldn) = [ @) vido)

(a,b] (a, b]

+ /(@ @ )+ /(b, ) viaa).

The first, second, fourth, and fifth summands in the right-hand side are not greater
than, respectively, ||f| - pn(—00, a] = [[f|[ - Fu(a), [|f[| - (=00, a] = [If[| - G(a) < &/8,
LF1]- s (b, 00) =[£I - [L = Fn(®)], [£]] - (b, 00) = |IfI| - [1 — G(b)] < /8.

To estimate the third summand in the right-hand side of (18.16), let us choose a
point yj in each interval (xx_1, zx], K =1, 2, ..., N, and define a function f(z) on the
interval (a, b] by

(18.16)

fl@)=flyx)  for x € (wr_1, x4l (18.17)

(draw a picture).
By the choice of our ¢ > 0, we have for all x € (a, b]:

7(@) = fla)] < 5. (18.18)
and from this,
= €
[ s maldn) = [ F@) )] < £
(e ] (e ] (18.19)
[ @ vde) - [ @) vide)| < <.
(a, b] (a, b]
Now, the third summand in the right-hand side of (18.16) is not greater than
[ @) lde) = [ F@) patda)| | [ f@) vde) [ @) v(da)]
(a, b] (a, b] (a, b] (a, b]
+ n(dz) — f d
), @ = | F) vidz) (18.20)

<2y \/( T ) - /(Ik_m] ) vlda)|
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The k-th summand here is equal to

)| - |pn(@r—1, zx) — v(@p—1, ]| = [f ()| - [Falzr) — Folzr-1) — G(ax) + G(zp-1)|.
(18.21)
Now, for every k, 0 < k < N, we can find a natural ny so that for n > n; we have:

£

| (xr) — G(zg)| < SV DI (18.22)

If we take n, = max(ng, ni, na, ..., ny), for n > n, all inequalities (18.22) hold.

In particular, for £ = 0, from which we get for n > n,:
Fy(a) = Fy(x0) < G(a) + : <+ R (18.23)
8(N+ DA 8l 8N+ DA
similarly,

1 F,(b) <1—G(b)+ < © c (18.24)

SOV + DI~ 8IAT 8V + DI

So the first and the fourth summand in the right-hand side of (18.16) are less than
5 €
+

8 " 8(N+1)
2
By inequality (18.22) for k and for k—1, the expression (18.21) is less than S(N—i—l)
Putting together formulas (18.16), (18.20) and the estimates obtained, we get
[ @men = [ g v
00, 00 —00, 00 18.2
25+ 2¢e +2€+2€+N 2¢e (18.25)
P - - - = 8,
8§ "8(N+1) 8 '8 8(N+1)
which was to be proved.
Let me formulate another theorem, sort of inverse to Theorem 18.1.
Theorem 18.2. Let py, pa, ..., un, ... be a sequence of distributions on R, v a
distribution on it; let Fi(x), Fa(x ) ey Fo (2 ) G(x) be the corresponding distribution
functions: Fo(x) = jia(~ o3, a, Gx) = v(— 0, al.

If tn —w v as n— oo, then F,(x) — G(x) (n — oo) for all x that are continuity
points of the function G.

I’ll give the proof of this theorem in the next lecture; but in the meantime, let us take
Theorems 18.1 and 18.2 together:

Theorem 18.3. A sequence of distributions u, converges weakly to a probability
distribution v if and only if the sequence of the corresponding distribution functions
F.(z) = pp(—o00, z] converges to the distribution function G(x) = v(—oo, x| at all
points x at which the limiting function G is continuous; and also if and only if there
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exists a set K that is dense in (— oo, co) such that the convergence F,(x) — G(x) takes
place for all x € K.

The only thing that remains to be proved here is that automatically the set of points
at which the distribution function G(z) is continuous is dense in (— oo, co).

But this follows from the fact that discontinuities of a monotone function cannot
be anything other than jumps, and the number of its jumps is at most countable; the
complement of a countable set in the real line is always dense.



