MATH 755-01 INTRODUCTION TO PROBABILITY FALL 2008
Lecture 19. Weak convergence and characteristic functions.

Proof of Theorem 18.2: We want to prove that if x( is a continuity point of G, then
for every positive € there exists a natural ng such that for every n > ng

| (z0) — G(z0)| < €. (19.1)

Let us fix an arbitrary positive e¢.

Since xq is a continuity point of G, there exists a positive ¢ such that for |x —z¢| < §
we have |G(x) — G(x0)| < €/2.

We have: F,(z9) = / I(_oo,20](T) pn(dr), G(20) = / I(_oo,z0)(x) v(dx); the

function I(_o, ,(x) is bounded, but not continuous. Let us “sandwich” it between
two continuous functions: namely, let us defined two bounded continuous functions, f(x)

and f(z):

L, r < xo — 0,
flz) = 1_56—(920—5), 29— 0 < x < 29, (19.2)
0, T > xo,
L, r < T,
fla)=91- x;xo, ro < x < 70 + 6, (19.3)
0, x>xo+0

(make a picture and see that these functions are indeed bounded and continuous).
We have, for the indicator functions of the intervals (— oo, zg — 4], (— 00, z¢], and
(— 00, zg + 9]

I(—o0,20-8)(2) < f(#) < T(—oo,20)(2) < (&) < I~ oo, mo+s)(T) (19.4)

(the same picture of yours).
Because of p,, — v, there exists a natural ng such that for n > ng we have:

‘/_O; f(@) pn(dz) — /_O; f(x) y(dx)‘ <e/2,
‘/_O; f(@) pn(dz) — /_O; fl=) V(d:t)‘ <e/2.
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So we have (for n > ny):

3

Glo) — & < Glag — 8) — = = /OO oo, (&) () — 5

IN

2 —o
Wdz) — £ < / $G0) pn(0) < [ ey &) i) = )

[
/ f(@) pn(dz) / f(z )4‘% < /OO I( oo, zo+5)(7) v(dx) + 5

o0

IA
™

= G(IL‘O +5) + 5 < G(Io) +e.
(19.6)
Check every equality and every inequality in this chain, out of which we need only
G(zo) — € < Fp (o) < G(zo) +¢.

The theorem is proved.

If p, —w v, can the corresponding sequence of distribution functions F,(x) converge
to G(x) = v(— o0, x] also at (some of) discontinuity points of G? Or is it that necessarily
F,(z) — G(z) for all x, only we did not include this in our Theorem 18.2 because it is
too complicated (or even an open mathematical problem)? — It turns out that all cases
are possible.

Example: £, = 1/n with probability (n — 1)/n, &, = n with probability 1/n; and
n = 0. The distribution function F,(z) of the random variable &, is given by

0, x <1/n,
Fo(z)=<¢ (n—1)/n, 1/n<x<n, (19.7)
1, T >n,
and
0, r <0,
G = P{n< = 19.8
@=rsa={y TI0 (199

It is easy to see that for every bounded continuous function f(x)

/_Oo (@) e, (dz) :f(%) - ”;1 +f(n)~%—>f(0)-1:/_oo (@) pde),  (19.9)

Hen 7w Hn-
As for the distribution functions,

0, <0,
lim F(z) = { 1 v o (19.10)
n—o0 , x )

This limit coincides with G(z) for = # 0, which are the continuity points of the function G,
but not for x = 0.



Another example: same with &, = —1/n with probability (n — 1)/n, and &, = n
with probability 1/n. Here lim,,_.o F¢, () = G(z) for all real .

And if &, = (—1)"/n with probability (n — 1)/n, and P{{, = n} = 1/n, the limit
lim,, o0 Fe, (x) does not exist for x = 0 (but of course it exists and is equal to G(z) for
all x # 0, which are continuity points).

Theorem 19.1. Let Fi(x), Fy(x), ..., Fy(x), ... be a sequence of distribution func-
tions; let Ky be a countable set that is dense in R'. Then there exists a nondecreasing
function G(z), —oo < x < 00, and a subsequence ny — oo such that

F,, (z) — G(x) (k — o0) (19.11)
for all x € K.
Proof. Let Ky = {z1, 22, 73, ..., T, ...}. Take the sequence of numbers F,(z1),
n =1, 2, 3, .... These numbers all are in [0, 1], so there exists a subsequence
{ni, ng,...,ng, .} C{1,2,3,..,n,..}, (19.12)
n} <nd <..<ni <.., such that Fo(z1) — g1 (b — o0).
Then we take the sequence Fni (x2), k=1, 2,3, ...; it is bounded, so we can choose
{3, n2, ...,n2, ..} C{ng, ni, ..., ng, ...}, (19.13)

n3 <nj < ..<ni<.. so that Fo2(x2) — g2 (k — 00). Proceeding like this, we obtain
a non-increasing sequence of sequences njl < n% <. < nfc < ... such that F ;(z;) — g;
k

(k — o00). Now we take the diagonal sequence ny = n¥, k = 1, 2, 3, .... This se-

quence is a subsequence of {nl, ni .., ni, ...}, so limg_ o Fy, (1) = g1; it is a subse-

quence of the sequence {n?, n3, ..., ni, ...} starting with ny = n3 (n; = n! may not be in

{n?,n3, ..., ni,...}), so limg_e Fp, (z2) = g2; etc. So we get for all z; € Ko:

lim F,, (z;) = g;. (19.14)

k—oo

Now we define the function G(x), —oco < x < oo. First we define this function
for x € Ky by
G(CL'J) =4gj- (19.15)

On this set the function G(x) is nondecreasing, which means that if z; < z,, we have
G(z;) < G(xs). (19.16)
This follows from the fact that the functions F),, () are non-decreasing, so
Fuy (7)< F, (@), (19.17)
and from

G(z;) = lim F,, (z;), G(zs) = lim F,, (xs). (19.18)

k—oo k—o0



Now, for every monotone function on the set K one-sided limits exist at every point;
in particular, for every x € (— 0o, 0o) there exists the right-hand limit

lim G(z;). (19.19)

z;—axt

(this limit is defined as the number L such that for every positive e there exists a positive &
such that for all x; € K belonging to the interval (z, +§) we have |G(x;) — L| < ¢; since
the set Ky is dense, such z;’s exist for every positive §). Now we define the function G(z)
for all x outside Ky by

G(x) = 1im+ G(z;), x ¢ K. (19.20)

XTj—T

Now the function G(z) is defined for all z € (— o0, 00). Let us prove that this is a
nondecreasing function:
G(z) < G(y) for = < y. (19.21)

We have to consider four cases: z, y € Ko; = € Ko, y ¢ Ko; © ¢ Ko, y € Ko; and =z,
Yy ¢ Ko.
The first case is just (19.16). The second case: Let = z; < y ¢ Koy; we have to
prove that
G(z,) < lim+ G(xs). (19.22)
zs—y
This follows from z; <y < x5, G(z;) < G(zs).
The third case: Ky # x < y = x5, we have to prove

lim+ G(z;) < G(xs); (19.23)

this follows from z; < x4+ <y =z, for 0 < § < y — . Finally, our statement in the
fourth case means that
lim G(z;) < lim G(zs), (19.24)

r;—x+ Ts—Y+

and follows from z; < x + 6 < y < x,, which holds for 0 < <y — .

The theorem is proved.

However the limiting function G(x) is not necessarily a distribution function: it is
nondecreasing, all its values are between 0 and 1; but it may be not continuous from the
right, and lim, ..o G(x) = 1, lim,_,_ G(x) = 0 do not necessarily hold. It turns out
that we can do something with the right-continuity by taking another dense set K C R!
(see our next theorem); but nothing, generally, with the limits at +oc0, as the following
example shows:

Let F,(z) be the distribution function of the normal distribution with parameters
(0, n) (with expectation 0 and variance n):

v
F,(z) =/ — e~/ gy, (19.25)
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Making a substitution u/y/n =v, u=+/n-u, du =+/n - dv, we come to

F(z) = T L —v*/2 g 19.26
w(z) = \/ﬂe v. (19.26)

Now take the limit as n — oo: for all real zx

0

1 2 1

G(z) = lim F,(z)= / —— eV 2y = =, (19.27)
n— o0 oo 21 2

Definitely not a distribution function!

Theorem 19.2. Under the conditions of the previous theorem, there exist a nonde-
creasing right-continuous function G(z), —oo < x < 00, a dense set K C (— o0, 00), and
a sequence nyp — 0o such that

lim F, (z) = G(z) for all z € K. (19.28)

k—o0

Proof (not finished in the lecture, but put in the present lecture note). Since the
function G(z) is monotone, it has one-sided limits at every point; its discontinuity points
are just jumps, and there are at most a countable number of them.

For every z € (— 00, oo) define G(x) as the right-hand limit of the function G at this
point:

G(x) = lim G(y) (19.29)
Yy—x
(note that this right-hand limit is the same as the limit . 9lim ) G(x;) that was used in
02x;—x
formula (19.20), but there it was taken only for = ¢ Kj, while here it is for all z € R?).

The function G is, of course, non-decreasing. Let us prove that it is continuous from
the right. The formula (19.29) means that for every positive e there exists a positive &
such that for all y € (z, z + )

Gly) — G(z) < ¢ (19.30)

(I am not writing |G(y) — G(x)| because anyway G(y) — G(z) > 0). Now, right continuity
means that for every € > 0 there exists a positive ¢ such that for all z € (z, z + 0)

G(z) - G(z) < e. (19.31)

But G(z) = lim,,_,.+ G(w), and because the function G is nondecreasing, this right-hand
limit is not greater than G(w) for every w > z. Among such w’s there are such that
belong to the interval (z, z + 0) (draw a picture); so by (19.30) G(w) < G(z) + ¢, and
G(z) = lim,,_, .+ G(w) < G(x) +&: (19.31) holds.

Note that if the function G is continuous at a point x, we have:

G(z) = lim G(y) = G(x). (19.32)

y—axt
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Let us take as the set K the set of all continuity points of the function G' (which is, of
course, the same as the set of continuity points of the function G). We are going to prove

that limg—oo Fin, () = G(z) for € K (ny is the subsequence of Theorem 19.1). The
proof is similar to that of Theorem 18.2.

Let us take a point zp € K (i.e. a point at which the function G is continuous). We
have to prove that for every positive € there is a natural kg such that for every k > kg

| Fy. (0) — G(20)| < & (19.33)

or, which is the same,
G(z9) — e < Fp, (o) < G(z0) + € (19.34)

(we replaced G(z0) with G(zg) because of (19.32)).
Let us take a positive § so that

G(zo + 0) < G(z0) +¢/2, G(zo — 6) > G(z0) — €/2. (19.35)

Take a point zs € Ky so that x5 € (2o, zo + 0), and a point z; € Ky such that z; €
(xo — 0, xg); then

G(zs) < G(xg+0) < G(xg) +¢/2, G(z;) > G(xg —6) > G(xg) — /2. (19.36)

We have: limy o Fy, (2;) = G(z;), img_o0 i, (z5) = G(xs); so there exists a ko
such that for every k > kg

|Fr, (z5) — G(z5)| < €/2, |Fo (z5) — G(xs)| < /2. (19.37)
From (19.36) and (19.37) we get:
Fo,(zs) < G(z0) + ¢, Fp(zj) > G(x9) —e. (19.38)
But the function F,, is non-decreasing, so we obtain:
G(zo) — € < Fp, (z) < Fp (z0) < Fy, (25) < G(x0) + ¢, (19.39)

and (19.33) is proved.



