MATH 755-01 INTRODUCTION TO PROBABILITY FALL 2008
Lecture 25. More on Markov chains.

Now we go to the general theory.

Theorem 25.1. A sequence &y, &1, ...y &y ... of Tandom elements of the space X is
a Markov chain with a prescribed initial distribution {qz}, ¢z >0, Y, ¢z =1, on X, and
a sequence of stochastic matrices Py = (pg,), P» = (p2,); s Pu = (p},), ... with entries

indexed by elements of X as the transition matrices if and only if for all n, xq, x1, ...,
Ty, € X

P{& =m0, &1 =21, ooy &0 = T} = Gug * Pagay - Pas 1 - (25.1)

Proof. The ‘only if’ part: Let &, &1, &2, ..., &n, ... be a Markov chain with initial

distribution {¢,} and transition matrices Py, Ps, ..., P,, ...; let us prove (25.1).
We have, by formula (23 -24.2):

P{& =0, & =21} = P{& =z} - P{& = 21/& = 20} = Qo * Paya, - (25.2)

This, for P{{ = o} = ¢z, > 0. But if P{{ = xo} = 0, (25.2) is also true, but for a
different reason:

{§o =20, &1 =21} C{lo =z0}, P{& =0, &1 = a1} < P{& =70} = 0. (25.3)

Now to P{{ = xo, & = x1, {2 = z2}: by the same formula (23-24.2) and formula (23—
24.15),

P{& = x0,&1 = x1, & = w2} = P{& = 20, &1 = @1} - P{& = 22|60 = w0, &1 = 21}

- P{go - x07 61 - xl} : P{€2 = $2|£1 = Z[fl} = qu 'pjoxl .p$21$2'
(25.4)

Again, this for P{{y = x0, {1 = 21} = qu, -p%owl > 0; if it is equal to 0, by another,
simpler reason:

P{& = w0, {1 = 71, §2 = 22} < P{& = w0, &1 = 21} = 0. (25.5)

Proceeding like this step by step, we get (23—24.15).
Now the ‘if’ part: the left-hand side of (23—24.15) is clearly p/*1 and the right-

xnxn+1’
hand side
P{gn = Tn €n+1 = xn+1}
P 1= 1 =X = ’
{fn—k n—+ |§n n} P{fn — In}
Y wo, 21y o wny P10 =20, §1 =21, ooy §nm1 = Ty, n = T, iyl = Ty}
Yowo, 2rs o awny P10 =0, &1 =21, ooy §pm1 = Ty, §n = Tn}
1 1
. Zxo, T1, ey Tr—1 Az Proz, " " pxnn,lxn ’ pgjﬁbn+1
Zxo, L1y eovy Tym—1 qu'pll'Oxl T .pa?nfll'n ’
(25.6)



and after taking the factor that does not depend on the summation variables from under
the summation sign, we get the same p7+!

TnTn+1"
Theorem 25.2. Let q,, x € X, be a probability distribution on X; Py, Ps, ...,
P,, ... a sequence of stochastic matrices whose rows and columns are indexed by elements

of X. Then there exists a Markov chain &y, &1, ..., &n, ... with these initial distribution
and transition matrices.

Proof. Let us take Q = [0, 1), F = By, 1), P = A1; and let us define the random
variables &g, &1, &2, ... in the following way. Let us number the elements of X by natural
numbers:

X ={zh 2 ..., 2" (, ..)} (25.7)

(x with subscripts is reserved for uses like (23-24.15): in particular, x3 can be equal to
To, whereas z¥ is the numbering without repetitions).

Divide the interval [0, 1) into a finite or a countable (possibly finite) number of smaller
intervals of lengths g1, ..., gum (, ...):

[0, 1) = U [qml + e T Qui-1, Qp1 + .o+ Qpi-1 + qxi). (258)

(3

Here we are using the fact that > ¢, = 1. (For a finite X, we could have used, with the
same construction, also intervals (0, 1], (0, gu1], (qz1, Go1 +qu2]s oy (ot + oo+ Gum—1, qur +
cee + @gm—1 + gzm = 1]; but for an infinite countable X using intervals with their right ends
would require arranging small intervals from the right to the left.)

Now we define &y(w) = 2% for w € [qu1 + oo + Qui-1, o1 + oo + Qi-1 + Gai)-

Then we subdivide the intervals into smaller ones of lengths ¢, - piimj:

[Gut + o+ Quimt, Gt + oo F Ggict + i)

= U [Gat + o+ Goit + Qi (Dgigs + o+ Dyigi 1), (25.9)
J Qut 4 oo+ Quicr + Qi (Dgigs + oo+ Paigio1 + Paigs))

(it is possible because Zj pl.; = 1), and define & (w) as being equal to z? on the
union of all intervals with 27 in the second place: & (w) =27 for w € |, [qxl + o+ g
Qo (Dgigs + oo Dhigic1)s Got oo Goit + Qui(Pligs + oo+ Pl + Pliy)). After
that we subdivide the intervals of length ¢, -pjﬂ,j into smaller still intervals of length

Qi ~p;ixj -pfjmk, and take & = 2¥ on every k-th small interval; etc.

It is easy to see that for the sequence thus constructed the equality (25.1) is satisfied.

Note that this construction has already been used in our course: in the proof of
Theorem 10.3; only the random variables were numbered starting with 1 rather than with 0;
and it was about independent random variables taking values 1 and 0 with probability 1/2.
As we know (see formula (23-24.17)), a sequence of such random variables is a Markov
1/2 1/2
1/2 1/2
so instead of dividing intervals according to some odd proportions, we divide each time

chain with transition matrix ( ) (and with initial probabilities ¢y = ¢1 = 1/2),
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in halves; and take & (w) =0 for 0 < w < 1/2, &(w) =1 for 1/2 <w < 1; &(w) =0
for w € [0,1/4) U [1/2,3/4), and &(w) = 1 otherwise; &3(w) = 0 for w € [0, 1/8) U
[1/4,3/8) U [1/2,5/8) U [3/4, 7/8), etc. Make a picture, probably it will be better than
what I drew on the blackboard.

I have told you that the kind of dependence between the random variables &; in a
Markov chain is an expression of some general property: the future depends on the past
only through the present. In the definition of a Markov chain, the past was the event
{& = ®o, & = 21, ..., &n—1 = Tn_1}, the present, the event {{,, = z,}, and the future,
{&n+1 = Tn41}. So the future was taken only one step from the present.

It turns out that this general Markov principle still holds for Markov chains if we
consider a “longer” future.

Theorem 25.3. Let &, &1, &2, ...y &ny ... be a Markov chain with initial probabili-
ties q, and transition matrices at the n-th step P, = (p;}y)m,yex. Then for all natural n
and m >n and for all xg, 1, Ta, ...y Tp—1, Tn, Tntly ooy Tm € X

P{En—l—l = Tn+41y -+ gm - xm|£0 = ZXo, él =Ty eeey én—l = Tn—-1, gn - -Tn}

(25.10)
= P{fn‘f'l = Tn41s -0 Em = xm|€n = Cli'n},

if only the left-hand side makes sense (i.e. if P{{ = xo, &1 = 1, ..., En1 = Tn-_1,

§n = xn} # 0)-
Proof. The left-hand side is

P{fo = Xo, 51 = T1y ey én—l = Tn—1, gn = Tn, §n+1 = Tn41y ooy 5m — xm} (25 11)
P{£O = Xo, fl = T1y -y gn—l = Tn-1, gn - xn}
According to Theorem 25.1, this is equal to
Qzo 'pfvlowl CeDa 4w, ’pgjﬂclnﬂ o Pa s, = pn—i—l e pl (25.12)
Qo 'p;}oxl R p;}nilvxn TnTn+1 Tm—1,Tm
The right-hand side in (25.10) is equal to
P n = Tn, Sn = Tn+1y -y Sm = Tm
P{&, = zn}
The events in the numerator and in the denominator here are unions of the corresponding
disjoint events in (25.11) over all xg, =1, x2, ..., T,—1 € X; so the fraction (25.13) is
equal to
Z Az 'pﬂ}oih .'“'pf;lnflaa:n 'pg7:;171+1 ""'pﬂ?zthlm
’ yrey bn— X
o In € : . (25.14)
Z Az " Pzozy " "Pzp_1, 20
L, L1y ey Tn—1EX
The factor p;‘:;lnﬂ o' Dgr ., is common for all summands in the sum in the numerator,

it can be taken from under the summation sign. The remaining sums cancel, and we
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get that the conditional probability P{{,+1 = Tni1, .y &m = Tm|& = x,} is equal
to prtl , which is the same as (25.12).

.pm
TnTn41 T Tm—1,Tm

The theorem is proved.

It turns out that we can take a wider class of events as “the past” and as “the future”
(keeping, though, the “present” as {£, = z,}).
Theorem 25.4. Let &y, &1, &2, -y &y ... be a Markov chain; n and m > n natural

numbers, C' a subset of X", and D C X™™™; and x, an element of X.
Then

P{<£n+17 teey gm) S D|(£07 éla cery én—l) € C7 én - xn} = P{<£n+17 vesy fm) € D|€n = xn}
(25.15)

Proof. The left-hand side is equal to the ratio of two unconditional probabilities, and
each of them can be represented as a sum of probabilities of disjoint events: this left-hand
side is equal to

1 1
Z Gz, ‘pxoxl ""'pﬁ?nfl,wn 'pa?ntl?n+1 .'“.pgrlnflyxm
(0, %1, s Tn—1)€EC
(mn+1,...,mm)€D (25 16)
Z qu .pll'ol'l T .pgn,]_,mn
(wo,xl,...,xn_l)EC
The sum in the numerator is clearly equal to
1 1

[ Y @ Pl L X pEE el ] (2500
(zo, %1,y Tp—1)EC (Tn41y -y Tm )ED

the first factor cancels, and the left-hand side of (25.15) is equal to

Z pJ?n+11n+1 T .p;::—l,ﬂﬂm' (2518)

(mn+1, ...,l‘m)ED

The right-hand side of (25.15) is equal to

Z Qo 'pﬂgom .“..p;'/nflyxn 'p;l:;C1n+1 ..”'pmr?nflvxm
(o, 1, .y Zn—1)EX"
(xn+1,...,wm)€D (25 19)
qu 'ngoxl ""'pa?n,l,mn ’
(wo,xl,...,mn_l)eX”
and it is handled the same way, with the same result.
In particular, if we take z, = z € X, D = {(pt1, -0y Tmn—1, Tm) : Ty = Y} =
X X ... x X x {y}, we have:
P{&n = yl(&o, &1y -y En—1) € C, & = a2} = P{&n = yl&n = x}. (25.20)

We’ll denote this conditional probability pj:*, and will refer to it as the transition proba-

bility from x after the n-th step to y after the m-th step (but of course, this expression
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is so long that we’ll not be using it very often). The corresponding matrix (py,")z, yex will
be denoted P™™, and called the transition matrix from step number n to step number m.

Using formula (25.18), we get an expression for pj "

nm __ 2 : n+1 n+2 m—1 m
pmy - pwmn-‘,—l ) pm'n-&-l:wn+2 Tt pm'm—Qwrm—l ) pm?n—lvy' (25.21)

Tpt1y ey Tm—1€X

This formula allows us to evaluate the more-than one step transition probabilities pZ,"
(starting from one-step transition matrices Py) in principle; but in fact the calculations
using this formula are sometimes not feasible. E. g., if the space X consists of two elements,
and m —n = 1000 (1000 steps), the sum (25.21) contains 2999 > 103 summands, which
we cannot handle with or without computers.

Formula (25.20) and the notations pj;*, P"™ were introduced only for m > n; but

we can also consider the corresponding conditional probabilities and notations for m = n:
it is much simpler:

1, =,
P{& =yl(€o, &1, oy Ena1) €C, & = a2} = P{&n = ylén =} = plty) = 0y = {0 Zy/ 2 i
" (25.22)

the corresponding matrix is the identity matrix: P™" = I.

It is clear that the transition matrix from step n to step number n + 1 is P "t =
P, 11, our (n + 1)-th original transition matrix.

Now let us have a theorem about the properties of the transition matrices P™, which
will allow us to evaluate these matrices:

Theorem 25.5. For 0 <n <m <7r we have:
prr = prme. pmr (25.23)

Proof. Remembering how we multiply matrices, we see that (25.22) means that for
all z, ye X

Py =Y Pyt phr. (25.24)
zeX

We can prove it using formula (25.21); but I better give another proof.
By Theorem 23—24.4 (the total conditional probability formula), with C' = {{, = y},
B = {én = 37}; k=z A, = {fm = Z}, we have:

Py =P{& = ylén =a} = > Pl = 2|6 = 2} - P{& =yl =z, & = 2} (25.25)

zeX

nm.

The first factor in the z-th summand in the right-hand side is p}7*; the second factor is,
by Theorem 25.4, equal to P{¢, = y|¢,, = 2} = pl;/. This proves (25.24), and (25.23)
with it.



Theorem 25.6. We have:

P = J[ Pe=Pus1 Posa- s Pr (25.26)
k=n-+1

(I wrote the product with dots because the product of matrices depends on the order
in which they are taken, and I had to explain the convention as for in which order the
product [[ should be taken).

Proof. By (25.23) with m instead of » and m — 1 instead of m, we get:
pvm = pvm-1, pm=1m _ pn,m-1.p . (25.27)
applying the same a second time, we obtain
P = pmT2.po - P, (25.28)

etc. Finally we come to (25.26).

This is how pp;" can be evaluated. In our example of X consisting of two elements,

m — n = 1000, multiplying one thousand 2 x 2-matrices takes, for each multiplication,
8 multiplications and 4 additions, which leads to approximately 12,000 operations: quite
feasible.

By the way, formula (25.26) holds also for m = n if we take, as it is reasonable to do,
that the product [],—_, 41 of an empty collection of matrices is the identity matrix I.

The following material was not in Lecture 25, but I am including it here, because this
is the place for it.

Theorem 25.7 (a little generalization of Theorem 25.4). Let &g, &1, &2, ooy &n,y oo e
a Markov chain; n and m > n natural numbers, C a subset of X", and D C X™"+1;
and x an element of X.

Then

P{(gna ) gm) S D|(607 617 23) gn) € Ca gn = .CC} = P{(f?w 23 gm) € D|€n = 33'} (2529)

Proof. Let us introduce the (m — n)-dimensional set D, = {(zni1,..-s Tm) :
(, Tnt1, - Tm) € D}, and the n-dimensional C, = {(zo, ..., Tn—1): (o, ..o, Tn—1, T)
€ C}. The conditioning event {(&o, &1, ..., &n) € C, &, = x} in the left-hand side is the
same as {(&o, &1y ooy En—1) € Cy, & = x}; and also {&, = z} N{(n, ..., Em) € D} =

{& =2} N {(&nt1, -, &m) € Do}y {60, &y &n) € C & = 2} N {(&n, .., &m) € D} =
{(&0y &1y ovey 1) € Oy & = 2} NV {(Ens1y o Em) € Dy} So by Theorem 25.4 we obtain
(25.29).

This theorem means that the present can be included both in the past and in the
future.

Theorem 25.7 can be reformulated as follows:

For 0 < k <[, let F;,q) be the o-algebra in the space ) generated by the random
variables &, ..., & (that is, the o-algebra of all events of the form {(&, ..., &) € E},
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E being an arbitrary subset of X!~**!: we should have introduced these o-algebras in
Lecture 11: it’s in the same spirit as the o-algebras introduced there).

For every event A € Fjo n) (= F<n), and every event B € Fy, ), and every x € X
we have:

P(BIAN{¢, = z}) = P{B|¢, = z}. (25.30)

Theorem 25.8. For every event A € F<,, and every event B € F>,, and every
x € X formula (25.30) holds.

Proof. Both sides of (25.30) are measures as functions of B. By Theorem 25.7, these
measures coincide with one another on the algebra U;Lo:n Fi, m); so by the uniqueness
theorem they have to coincide on the o-algebra O'(U;:Lo:n Fin, m]) = F>np.

So our Markovian principle of the future depending on the past only through the
present holds if we interpret the past as all events in F<,,, as the future all events € F~,,,

and as the present, still the event {&, = x}.



