MATH 755-01 INTRODUCTION TO PROBABILITY FALL 2008
Lecture 26. Time-homogeneous Markov chains.

Now let us restrict ourselves to a narrower class of Markov chains.

A Markov chain is called (time-)homogeneous if the transition matrix is the same at
every step: P1 = Py = ... = P, = ... = P = (Pay)a,yex. All examples up to now were
those of homogeneous chains; and from now on we will be considering only homogeneous
chains.

It is clear that for homogeneous Markov chains formula (25.26) becomes just
prmt = pmTn (26.1)

(the powers of the same square matrix), and this matrix depends only on the number of
steps kK = m — n between the time moments n and m. Let me introduce the notation
for the transition probability from z to y in k steps: p;(vy) = p;‘y’”rk (the (x, y)-th entry
of the k-th power P* of the one-step transition matrix; all notations with superscripts

without parentheses are already in use). It is clear that pxy = Ogys pxy) = Day-

Equality (25.24) becomes, for homogeneous chains,

pHt =" p . plh); (26.2)
zeX
in particular,
pgzﬂ) = Zp(k) *Pry = mez p(k) (263)
ze€X zeX

Sequences of random variables are one class of mathematical models of ‘real-world’
processes. The very simplest model of this kind is that of a sequence of independent
random variables. But sometimes we cannot disregard dependence between the values of a
‘real-world’ process at different times; the simplest model taking this into account is that
of Markov chains. In the ‘real-world’ processes, whose mathematical models are sequences
of random variables, sometimes the dependence between phenomena divided by some time
interval decreases as this time interval becomes larger, and finally vanishes. E.g., in a
text written in a natural language, if a letter is a vowel, its neighbor is most probably a
consonant, and vice versa; a dependence through a space of one letter still remains, but
it is clear that the fact that the 50-th letter of a text is a consonant practically does not
have any influence on whether the 2008-th letter is a vowel or a consonant.

The theorem that follows is the simplest result within our mathematical theory that
is a reflection of this empirical observation.

Theorem 26.1. Let &, &1, ..., &,y ... be a homogeneous finite (which means that
the space X is finite) Markov chain. Let the transition matrix P have a column with all
entries positive: for some yo € X for all x € X we have pgy, > 0.
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Then the transition probabilities pé’;) have limits as k — oo, and these limits do not
depend on the starting point x: for all x,y € X

Jim pft) = p,. (26.4)

Proof. There exists a purely algebraic proof of this theorem using the Jordan form of
the matrix P; I will give another proof, using inequalities. Let us denote by e a positive
number that is not greater than all p,,,.

Let us introduce the notations:

k) _ e (k k) _ k
mg ) = ;Iél)r(lp;y), MZS ) = aneeg(péy). (26.5)
We know that
pl) = Zp P, (26.6)

It follows from m(k 2 <p (k b < M(k 1), P2z >0, ) py. =1 that

M = Y et € el =) € e MY =MD 267)

that is, m@(ﬁ_l) < pg;,) < Mék_l), whence

m*FD < m® = minp®) < M®) = maxpk) < M-, (26.8)

So we see that for every y € X the sequence my(f)

is non-decreasing, and Mggk) non-
increasing. This means that the limits limg_, m?(f), limy_, o0 M?Sk) exist. To establish
that the limits limg_, o pgz) exist and do not depend on =z, it is enough to check that
limk_,oo[M(k) - (k)] = 0 (then the limits of mg(jk) and of Mék) coincide, and to the same
limit converge also the transition probabilities p( ) since they are between these bounds).

Let us estimate the difference Mgg ) (k) through ]\4(1C b_ (k_l). Let € be a
positive number that is not greater than all p,,,. Let the minimum mg, ) be attained at
T = x1, the maximum Mék) at x = xo:

mi =, MO =plh, 269

Then we have:

k k) _ (k k
M =i =58, L

26.10
—mezp(’“ D prlzp(k D =3 (rye — pae) pl. (26:10)
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Let us divide this sum into two: with positive p,,. — ps,» and that with non-positive.

Making use of the fact that p¥ ! < Mgsk_l) in the first sum, and the fact that plgy_l >

2y
k—1) . .
mé ) in the second one, we obtain:

M® — (9
< S e =) ME S (e = paye) -mlD, (2611)

Z:Payz—Pzyz>0 2:Pgoz—Pzy2<0

The sums that are multiplied by M;k_l) and by m*FY are the same in absolute value
and opposite in sign (because together they add up to 1 —1 = 0). One of them contains
the summand with z = yo; this sum is not greater than »_ pz,. — Dayyo < 1 —€,and is
not smaller than — 1+ ¢ (of course the other sum, that which does not contain the term
with 2z = yp, is also within these bounds). Therefore

MF —mF < (D —m=) (1 —e). (26.12)
We have for k£ =0: M?SO) — mg)) =1—-0=1, from which by induction

MP —mlP < (1—¢)k. (26.13)

So the difference Mék) — mg(,k) converges to 0 as k — oo, and this exponentially fast;

it follows from this that pg;) — py as k — oo (exponentially fast).

Theorem 26.2. Let &, &, ..., &, ... be a homogeneous finite Markov chain. Let
there exits a natural ko such that the transition matriz in k steps P* has a column with
all entries positive.

Then the transition probabilities pg;) have limits as k — oo, and these limits do not
depend on the starting point x.

Proof. Instead of using (26.6), we use

pgcky) — ZP&@O)pi'Z_kO); (26.14)
we obtain, for k > kg:
M?Sk) . m?(f:) < (My(k—ko) _ mék—ko)) S(1—¢), (26.15)

and for k=7r-kog+s,0<s<kgy
MF —m{F) < (1—e)" (MY —m{?) < (1—e)" < (1—e)FF)/Fo — 0 (k — o0). (26.16)

Let us give the following definition: a homogeneous Markov chain is called ergodic if
its transition probabilities in k steps converge as k — oo to a probability distribution that

does not depend on the initial point x: limg_, oo p;’;) =Dy, Zy py = 1.
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Theorem 26.2’. Under the conditions of Theorem 26.2 the Markov chain under
consideration s ergodic.

All sums being finite ones, the fact that the sum of p, is equal to 1 follows from the
fact that the pre-limit sums are equal to 1.

Give an example of a time-homogeneous Markov chain for which the limit

limy oo pé’“y) does not exist.

Give an example of a time-homogeneous Markov chain for which the limit

limg o0 pé@) exists, but depends on .

Is the Markov chain with the transition matrix (23 -24.24) ergodic?

For finite homogeneous Markov chains, is the condition of Theorem 26.2 necessary
and sufficient for the chain to be ergodic?

In fact, there are necessary and sufficient conditions for ergodicity of time-homogene-
ous Markov chains, not only finite (i.e., in a finite space X) as we have considered, but
also for infinite countable — such as, say, random walks considered in Lectures 23 —24; but
we have no time for that now.

What follows was not in Lecture 26; but I include it in the lecture note.

Theorem 26.3. For an ergodic Markov chain (finite, or infinite) with arbitrary initial
probabilities q,, v € X,

lim P{&, =y} =py, (26.17)

n—oo

where p, = lim, pg;).

Proof. By the total probability formula,

P{g, =y} =) Ploo=a}-Pléa=ylbo =2} =) ¢ p%)- (26.18)
zeX T
So we have:
lim P& =y} = lim Y ¢ -pl) =) lim g ply) =) ao-py=py- ) d =0y
(26.19)

Why can we conclude that the limit of the sum is equal to the sum of the limits for this
infinite sum? An infinite sum is an integral (with respect to the counting measure #); and
we can apply our usual theorems about integrals. Here the integrands (the summands)
qz - p;(EZ) for every n are dominated by an integrable function, namely, ¢, - pg;) < @, which
is integrable: »  _y ¢, =1 < o0,

All of this was deduced from the equalities (26.3); only I can never remember which of
these two equalities to use. So I write both; and see which of the two equalities is clearly
useless — so you are to use the remaining one.
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So under the conditions of Theorems 26.1—26.2 the transition probabilities pgcy) have

limits as & — oo, and these limits don’t depend on x; but how to find these limits? Again
the equalities (26.3) help, and again I cannot remember which one of the two.

Again we restrict ourselves to finite chains (i.e., X = {z!, ..., 2™}).

Let us take the limits of its both parts of the equalities pxy = . Das- pgz D as &

(and also k — 1) goes to oo:
Jim pl) =py =3 pee- lim p*Vpey =3 pespy = py. (26.20)

So the only thing that we get from this is that p, = p, for every y € X; but we knew it
before. Let us try the second equality in (26.3):

pi?—Zp(’“ Y pay, (26.21)

hm p(k) = Z hm p pa:z Pzy = sz *Pzy, Yy E X. (2622)

So we get a system of m linear equations p, = > _p. - p., (one for each y € X) with
m unknowns py, y € X. Does this system have a unique solution, allowing us to find the
limiting probabilities p,, y € X7 It turns out that no, and this is a very good thing.
Indeed, let us rewrite our system py, = > p. - p.y, y € X, with all unknowns in the
left-hand side; it is:
> (py —0:y) p=0, yEX: (26.23)

z

in the y-th equation, all coefficients by the unknowns p., z € X, are equal to p.,, except
for z =y, which coefficient is equal to p,, —1. The matrix of this system is obtained from
the (transposed) transition matrix by subtracting ones on the diagonal: the vector-matrix
form of the equations (26.23) is:

p-(P—-1)=np, (26.24)

where p is the row vector of the unknowns p,, y € X (and [ is the identity matrix, with
ones on the diagonal and zeros outside it).

If the solution of equation (26.24) (system (26.23) or, which is the same, (26.22)) were
unique, it would be the trivial solution: p =0, p, =0, y € X (0 is always a solution
of a linear system with zero right-hand side); and p = 0 definitely is not a probability
distribution.

But luckily the solution is not unique: the matrix P — I is singular.

How can we see it?

A finite square matrix A = P — [ is singular if and only if there exists a nonzero row
vector p such that p- A = 0; and also if and only if a nonzero column vector f exists
such that A - f = 0 (please excuse me for denoting with the same symbol 0 both the row
and the column zero vectors).



In other words, there exists a non-zero left eigenvector p of the matrix P correspond-
ing to the eigenvalue 1: p- P = p (p a row vector), if and only if there exists a non-zero
right eigenvector f of the same matrix corresponding to the same eigenvalue (f a column
vector).

And the vector equation

P-f=f, (26.25)

which means, in vector components f,,

pry'fy:fx; $6X7 (2626)
)

definitely has a nonzero solution; namely, the column vector 1 with all components equal
to 1: we have

 pay-1=1, z€eX, (26.27)
Y

P-1=1. (26.28)

So the rank of the matrix P — [ is less than its order m, and there is a nonzero

solution p = (py)yex of the system > p. - p.y = py.
It turns out (I am not giving the proof) that for a finite ergodic chain the rank of the

matrix P — I is equal to m — 1; so if we add one equation to this system with coefficients
that are linearly independent with the columns of this matrix, the solution becomes unique.
As this additional equation we take the obvious one: Zy py=10r p-1=1.

So the limiting probabilities are found as the unique solution of the following system
of m 4+ 1 equations with m unknowns:

sz'pzy:pgp y€X>
z

Zpy =1.
Yy

For the Markov chain with the transition matrix (23—24.24), find the solution p =
<p07 ooy p4) of the system p- P = p, Z;:()py = 1.

Let us change the last example in Lectures 23 —-24 taking the remainder after divid-
ing by 6. Find the corresponding transition matrix P. Find the solution p of the system

(26.29)

p-P=p p-1=1 TIs limpoops) =p,, #,y=0,1, ..., 5?7

For a finite ergodic Markov chain, is the solution of the system p- P =p, p-1 =1
necessarily unique?



