MATH 755-01 INTRODUCTION TO PROBABILITY FALL 2008
Lecture 9. Independence, continued.

Theorem 9.1. Let &, ..., &, be independent real-valued random variables. If E|&|,
oy Bl&n| < 00, then E|&;...&,| is also finite, and

E(&...&,) = E¢ - ... - BE,. (9.1)

Proof. For shortness, let us write it for n = 2. We’ll use Fubini’s Theorem. The
left-hand side of (9.1) is

// T1T2 fig,, ¢, (dx dao) = // T1 T2 fig, (dz1) pe, (da2)

X1 xXo X1 xXo
- /[/ Ty To ugl(dxl)] pe, (dzo) = /[Iz : /561 Hsl(dxl)} pe, (dz) (9.2)
Xo X4 X2 X1
- /(g;Q - E&y) pe,(drg) = E& - /5132 pe, (dz2) = E& - E&s.
X, X

Theorem 9.2. Let B be an event; A, a semi-algebra of events. If B is indepen-
dent from A (which means from every event in \A), it is also independent from the o-al-
gebra o(A) generated by A.

Proof. Let us consider two measures on o(A) C F:
mi1(A) = P(BNA), ms(A) = P(B)-P(A), A€ oa(A). (9.3)

These measures coincide on A, therefore by Theorem 6.1 they coincide on o(.A).

Theorem 9.3. Let A, B be two semi-algebras of events. If they are independent, so
are the o-algebras o(A), o(B) generated by them.

Proof. According to the previous theorem, every event B € B is independent from
every event in o(A). Now we consider, for a fixed A € o(A), two measures on o(B):

n(B) = P(ANB), by(B)=P(B)-P(4), BeaobB); (9.4)

and we repeat the reasoning in Theorem 9.2.

Of course, we can also formulate (and prove — though the proof, being the same as
before, is omitted)

Theorem 9.4. If the semi-algebras A, ..., A, are independent, so are the o-al-
gebras o(Ay), ..., 0(A,) generated by them.

Theorem 9.5. Let &, ..., &, be independent random variables taking values in mea-
surable spaces (Xp, Xi). Let fr, k=1, ..., n, be Xi-measurable functions on Xy. Then
the random variables f1(&1), ..., fn(&n) are independent.
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Proof. Since {fi(&) € Cx} = {& € f, '(Cx)}, and f,'(Cy) belongs to the o-al-
gebra X, the statement follows from (8.10).
Let me give several criteria for independence of random variables.

Theorem 9.6. Let &1, ..., §, be discrete random variables; let pe, be their individual
probability mass functions: pe,(x;) = P{& = x;}, and pe,, .. ¢, their joint probability mass
function:

Per,.n (@1, oy Tn) = P{& =21, ..., & = 20} (9.5)
The random wvariables &1, ..., &, are independent if and only if
Per, oo € (T15 ooy Tn) = Pey (#1) oo e, (2) (9.6)

for all xq, ..., x,.

Proof. For our formulas to be shorter, let us consider the case of n = 2 (the only
difference for larger n is longer formulas expressing the same).
Remember that independence means that

P{51€O1,§2€CQ}:P{§1 601}'P{§2€CQ} (97)

for C';, C5 belonging to the appropriate o-algebras.
To deduce (9.6) from (9.7), we take one-point sets C;: C; = {1}, Cy = {x2}; and
here we are.

To work out the inverse implication, we use the fact that

(el betl= |J {a=2, %=1} (98)

r1€C1, 22€C>

the union being countable (a countable number of values for both — discrete! — random
variables, and only a countable number of pairs), and the summands disjoint. So by
countable additivity of probability

P{&eCiell= Y  Pla=z,&=m}= Y  peg el )

x1€C,22€C5 x1€C,22€C5
- Z Dy (1) L3 (z2) = Z De, (1) - Z De, (22)
21€C1,22€C2 z1€Cy x2€C>2

(9.9)

(the expression before the last is obtained from the last one by opening the parentheses).

Theorem 9.7. Let &, ..., &, be continuous random variables (or random vectors if

you wish). These random variables are independent if and only if their joint distribution
is continuous with a density (their joint density) pe, .. ¢, satisfying the condition

Per, oo €0 (X1, s Tn) = Pey (1) + oo Pg,, (2) (9.10)
for almost all x1, ..., x, with respect to the n-dimensional Lebesgue measure (i.e., except
a set of points (x1, ..., ¥, ) that has zero Lebesgue measure).
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Of course it is not surprising that (9.10) has to be satisfied only almost everywhere:
we know that there exist different versions of density, and each two differ from one another
on a set of zero Lebesgue measure.

Proof of the theorem. Again let us write the proof for n = 2, and for one-dimensional
&1, & rather than for random vectors (no difference in the proof except in the length of
what we have to write).

That &, & have a joint density (9.10) (or one differing from it only on a set of zero
Lebesgue measure) means that

P{(61, &) € D} = / / pes (1) - pey (12) dity dica. (9.11)
D

Let us show that from (9.11) follows (9.7). We have:

P{& e C, & ey = // Pe, (x1) - pey (22) dy daoy = /pgl (21) dxy '/p§2($2) dxo

C1xCo C1 Cs
(9.12)
by Fubini’s Theorem; and this is the right-hand side of (9.7).
The opposite: suppose (9.7) is satisfied. Let us consider the measure j¢, ¢, on B? (the
joint distribution of our random variables) and another measure v on the same o-algebra

defined by
v(D) = //pgl (1) - pe, (x2) daq das. (9.13)
D

Formula (9.7) means that these two measures coincide on the class A of all “rectangles”
C; x 02, C; e Bl
The class A is a semi-algebra in R?. Indeed, R? belongs to this class of all “rectangles”:

R?=R!'xR!, RleB! RIcdAU; (9.14)
the intersection of two “rectangles” is again one:
A201X02€A,B:D1XD2€A:>AQBZ(Clle)X(CzﬁD2>€A; (915)

and the complement of a “rectangle” can be represented as a union of a finite number of
disjoint “rectangles”:

(C1 x C2)° = (CF x Ca) U (Cy x C5) U (CF x CF) (9.16)

(make a picture), where C{ x Cy, Cy x C§, Cf x C§ € A.

By the (uniqueness part of) the Theorem 6.1 about extension of measures, the (finite)
measures g, ¢, and v coincide on the o-algebra o(.A), which is nothing but 52

So (9.11) is satisfied.



Theorem 9.8. Real-valued random variables &1, ..., &, are independent if and only if
their joint distribution function is equal to the product of their individual one-dimensional
distribution functions:

Fe, e (@1, xn) =Fe (1) oo - Fe, (200), X1y ey Ty € (— 00, 00). (9.17)
Proof. The “only if” part: we take in the equality
P{& €eCy, ., & €Cy=P{& €Cr} .- P&, € Oy} (9.18)
Cr = (— 00, 1], vy Cpy = (— 00, p).

The “if” part — to write less, let it again be n = 2. Let (9.17) be satisfied. We
mentioned that

Plap <& < by, a3 <& < ba}

9.19
= Fe, ¢,(b1, b2) — Fe, ¢, (an, b2) — Fe ¢,(b1, az) + F, ¢,(a1, az). (9:19)
According to (9.17), this is equal to
F§1 (bl) ’ Ffz (62) - F§1 (al) ’ F§2 (b2) - F§1 (bl) ’ F§2 (CLQ) + F§1 (al) ’ Ffz (a’Q) (9 20)
= [Fe, (b1) — Fe,(a1)] - [Fe, (b2) — Fe,(az)].
So we have:
Her e, (a1, bi] X (a2, ba]) = pg, (a1, bi] - pg, (az, bal: (9.21)

the two measures g, ¢, and pig, X p1g, coincide on all rectangles. Since all rectangles (finite
and infinite) form a semi-algebra in R?, and since the Borel o-algebra B2 is generated by
all rectangles, by the uniqueness part of the extension theorem these two measures coincide
on B2,

We can reformulate Theorems 9.6, 9.7, 9.8 differently:

Theorem 9.6’. Let pe,, . ¢, (21, ..., xy) be the joint probability mass function of
n random variables. The random variables &1, ..., &, are independent if and only if this
joint probability mass function factorizes into n factors of which the first one depends
on x1 only, the second on xs, ..., the last one on x,:

Deq, . ¢, (3317 ooy xn) = fl(xl) teeet fn(xn) (922)

We do not presuppose here that f;(z;) = pe, (x;) (and it may not be so).

Theorem 9.7’. Let pe, .. ¢ (%1, ..., Tyn) be the joint probability density of n random
variables &1, ..., &,. These random variables are independent if and only if this joint
density factorizes almost everywhere with respect to the Lebesgue measure into n factors
of which the first one depends on x1 only, the second on xs, ..., the last one on x, —
which is expressed by the same formula (9.22) (but with a different meaning).

Theorem 9.8’. Let Fe, . ¢ (z1,...,z,) be the joint distribution function of
&1, oy En. These random wvariables are independent if and only if this joint distribution
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function factorizes into n factors of which the first one depends on x1 only, the second
on o, ..., the last one on x.,:

F§1, e bn (5171, cees .CCn) = Gl(il,’l) Cae Gn(xn) (923)
(again we do not presuppose anything).

The proof is similar for all three theorems; let us take on the second — in the case
of n = 2 for less writing, and real-valued random variables &1, & rather than random
vectors.

By Problem 7 &1, & necessarily are continuous random variables with densities

o0 oo

pe, (1) = / Pey, & (21, T2) dra,  pe,(22) = /Psl,sz(xla T2) dxy. (9.24)

— 00 —00
If these random variables are independent, we can apply Theorem 9.7 and get that (9.22)
is satisfied almost everywhere with respect to the two-dimensional Lebesgue measure Ao

with fi(z;) = pe, ().
If (9.22) is satisfied almost everywhere, we get by (9.24) (almost everywhere with
respect to the one-dimensional Lebesgue measure):

Pe, (1) /f1 x1) - fa(w2) dao = /f2 T d962> fi(z1),
(9.25)

e, (72) /fl r1) - fa(we) dxy = /fl T dwl) fa(z2),
and almost everywhere
Pey, e (21, m2) = f1(w1) fo(z2) = (/ fo(z2) dx2>'f1(x1)-</ fi(x1) d:vl)-fg(xz), (9.26)

because the constant

(/ folas) d:@) : <7f1(:z:1) d:m) - 7 7p£1,£2(x1, wo) deydrs. =1 (9.27)

— 00 —O0

In the n-dimensional case it is

(/fz(xg) dxz-...-/fn(xn) dxn) : (/fl(arl) dxl-/fg(xg) dmg-...-/fn(xn) dacn>><
(/fl(xl) dxl...../fn_l(xn_l) e, )

n—1
— (/.../p£17._.7§n(;131,...,aj'n) d$1 d$n> =1.
R
(9.28)

In Theorem 9.8, we get the one-dimensional distribution function F, (x;) as the limit
of the joint n-dimensional distribution function as all variables x; except for j = ¢
go to + o0.



