MATH 777 MARKOV STOCHASTIC PROCESSES SPRING 2009
Lecture 1.

I started on the theme of Markov processes in the probability theory course MATH 755
taught in the fall of 2008. Since most of my new students did not take this course, I’ll
remind the necessary facts and refer them to the Fall 2008 lecture notes.

I started with the case of discrete Markov chains: that of Markov processes with both
the time and the space discrete (2008.23 —24 — 2008.26).

Let X be a countable set (countable including finite). A sequence &g, &1, &2, ...y &n, -
of random variables taking values in the space X (which we’ll call the phase space) is called
a Markov chain if for all n, xg, 21, ..., p, Tpt1 € X

P{§n+1 = ﬂfn+1‘fo = To, gl =T1y ey fn—l = Tn-1, gn = wn} = P{gn—&—l = Jjn—l—llfn = xn};

(1.1)

provided that the probability of the condition is positive:

P{&) = To, gl = X1, e Snfl = Tn—1, gn = xn} > 0. (12)

If the probability of the condition is equal to 0, we require nothing. (See formula
(2008.23 -24.15).)

This definition expresses the general Markov idea of the future (what happens at time
n -+ 1, in the present case) depends on the past (what happens up to time n) only through
the present (the value &, of our stochastic process — or rather sequence — at time n).

We can introduce the matrix Py = (pf,)e, yex (called the matriz of transition proba-

bilities of the Markov chain at the k-th step, taking pfy = P{& = y|&k—1 = z}; we can
rewrite the right-hand side of (1.1) as pgj;m. Each transition matrix Py is a stochastic

matriz, i.e. it has nonnegative entries, and the sum Zy pﬁy over every row is equal to 1.
It can be proved starting from the definition (1.1) that for an arbitrary m > n

P{gm = y|(€07 517 ST 571—1) S Ca gn = .T} = P{gm = y|£n = JZ} :pZTy7 (13)

where P"™ = (p")z, yex is another stochastic matrix (the transition matrix from time n
to time m; see formula (2008.25.20)). This is another manifestation of the same Markov
idea: the future is now what is happening at time m, where m is not necessarily equal to
n+ 1.

It turns out that the matrix P™" is a product of the P, matrices we started with:

P = T[] Pe=Pus1 Poga-: Pn (1.4)
k=n-+1
(formula (2008.25.26)); and from this we get quite naturally for n <m <r

pnro— pnm, Pmr7 (15)
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which means that

Py =Y Pyt ply (1.6)
zeX

(formulas (2008.25.23), (2008.25.24))

We considered mostly the case of time-homogeneous Markov chains for which the
transition matrix Py is the same at every step: P, = P. In this case the formula (1.4)
becomes P™™ = P™~™ (the powers of the same matrix), and the transition probabilities
p%” depend only on the difference m — n: p;b;” = pg;]_n)

Now let us go to general Markov processes, for which time and space are not necessarily
discrete (lecture notes 2008.32 and the following).

First of all, while we can characterize probability distributions on discrete (countable)
spaces with probabilities of the random variable being in one-point sets (what they call
the probability mass function), we cannot do it inn the uncountable case, and we have to
consider probabilities of the random variable being in a set as a function of this set (a
distribution being a measure).

Secondly, of we consider a stochastic process — a family &; of random variables de-
pending on a parameter t taking values in some subset T of the real axis, interpreted as
time, — we cannot hope to build our definitions by analogy to formula (1.1): this formula
has to do with what happens with our Markov chain at the first time n+ 1 that is greater
than n; and if T is, for example, the right half-line [0, c0), there is no such thing as the
smallest time that is greater than the given t. So we’ll be imitating formula (1.3) rather
than (1.1).

The third difficulty is that the typical situation in the case of uncountable space of
time is that all probabilities similar to (1.2),

P{és =z, s <t} (1.7)

are equal to 0; and in this case we cannot use the classical conditional probabilities.

However, we have the concept of conditional probabilities (and conditional expecta-
tions) with respect to a o-algebra A C F, or with respect to one, or more, or infinitely many
random variables (see Lecture Notes 2008.29, 2008.30, and also the one-page 2008.Ex-
istence).

So here is the definition of a Markov process: Let &, t € T C R!, be a stochastic
process (a family of random variables depending on the time parameter t) taking values
in a measurable space (X, X) (a measurable space is a couple consisting of a set (space) X
and a o-algebra X of its subsets; a random variable with values in (X, &) is a function ¢
on our sample space 2 with values in X, such that for every set C' € X its inverse image
EHC) = {w: &(w) € C} belongs to our fundamental o-algebraF in the sample space —
i.e. is an event). We say that &, t € T, is a Markov process if for every t, u € T, t < u,
and every set C' € X almost surely

P{u € Cl|&s, s <t} = P{& € C|&:]). (1.8)
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Let me remind you that the conditional probability with respect to a random variable
or to a family of random variables is defined as the conditional probability with respect to
the o-algebra in the sample space generated by these random variables:

P{&u € C||&s, s <t} = P{&u € Cllo(&s, s < 1)}, (1.9)

o(&s, s < t) being the smallest o-algebra containing all events {{; € C}, s <t, C € X
(see (2008.29.12)). Note that the o-algebra generated by one random variable &; consists
just of all events of the form {& € C}:

o(&) ={{& €C}: CeXx}. (1.10)

In the equality (1.3) we had a third term, pj;*. Can we introduce a third term in our
definition (1.8)7

In the case of a discrete space X and T'= {0, 1, 2, ..., n, ...} the right-hand side here
should be >~ p?j , (t and u being integers); what in the general case?

Unfortunately conditional probabilities with respect to o-algebras are defined not in
a unique way, but only in an almost-unique. We could, starting with the definition (1.8),
try to choose one version of these conditional probabilities so that it has certain good
properties; but better we go another way.

We'll call a function P(t, z, u, C) of four arguments ¢, z, u, C, t, uw € T, t < u,
re X, CeXx,a Markov transition function if

1) for any ¢t < w and C € X the function P(t, e, u, C') (that is, the function
P(t, x, u, C) as the function of its second argument, for fixed t, u, and C') is X'-measurable;

2) for any ¢t < wu and x € X the function P(t, =, u, e) is a measure on the o-algebra
X, and P(t, x, u, X) =1;

3) for u =t the measure P(t, xt, ) is concentrated at the point x: P(t, xt, C) =
0:(C) =1for C 3z, and = 0 for C # x (this is the analogue of the transition matrix P™"
for a discrete Markov chain being the identity matrix: P"" = I, pp* = 04y, the Kronecker
symbol);

4) for s <t < wu the Chapman—Kolmogorov equation is satisfied: for every C' € X
P(s, x, u, C) :/ P(s, x, t, dy) P(t, y, u, C) (1.11)
b's

(this is the analogue of equalities (1.5), (1.6)).

We say that &, t € T, is a Markov process with the transition function P(t, z, u, C)
if for all t <wu, x € X, C' € X almost surely

P{&u € Cll&s, s <t} = P{&u € Cll&} = P(t, &, u, C). (1.12)

We are going to consider only Markov processes having a transition function.



