
MATH 777 MARKOV STOCHASTIC PROCESSES SPRING 2009

Lecture 2.

Theorems 2008.35.2 and 2008.37.1 together yield the following:

Let (X, X ) = (Rr, Br) (or X a Borel subset of Rr, and X the class BX of all Borel
subsets of X). Let P (t, x, u, C), t, u ∈ T, t ≤ u, x ∈ X, C ∈ X , be a Markov transition
function; let t0 ∈ T, and ν be a probability measure on (X, X ) (i. e., ν is a measure on
X such that ν(X) = 1).

Then there exists a Markov process ξt, t ∈ T ∩ [t0, ∞), with P (t, x, u, C) as its
transition function, and ν as its initial distribution: P{ξt0 ∈ C} = ν(C), C ∈ X .

We’ll say that our Markov process starts at a random point (state) with distribution ν
at the time t0.

It follows from the proof of Theorem 2008.35.2 that we can choose the sample space Ω
and the main sigma-algebra F on it, and the random variables ξt in a standard way, not
depending on the transition function P (t, x, u, C) or the initial distribution ν.

Now, as to discrete Markov chains, we restricted ourselves to (time-)homogeneous
chains with transition probabilities p k

xy = pxy not depending on the number of the step k
(and the transition probabilities pnm

xy from step n to step m depending only on the

difference m− n: pnm
xy = p

(m−n)
xy . Let us introduce the class of (time-)homogeneous Mar-

kov processes.
Not to think too much about what we should require of the differences u − t for t,

u ∈ T , let us restrict ourselves to the cases T = {0, 1, 2, ..., n, ...} (discrete time) and
continuous time with T = [0, ∞). (We could also consider T = {... − 2, − 1, 0, 1, 2, 3, ...} and
T = (−∞, ∞); but there is very much interesting to learn in the cases of T = {0, 1, 2, ..., n, ...} and
T = [0, ∞), so let us restrict our considerations to this case.)

We say that P (•, •, •, •) is a homogeneous Markov transition function if it depends
only on the difference of the time moments: P (t, x, u, C) = P (u − t, x, C), where
P (•, •, •) is a function of three arguments, satisfying the following properties:

1) it is X -measurable in its second argument;

2) it is a probability measure as a function of its third argument;

3) P (0, x, C) = δx(C);

4) the Chapman –Kolmogorov equation: for s, t ∈ T , x ∈ X, and a set C ∈ X

P (s + t, x, C) =
∫

X

P (s, x, dy) P (t, y, C). (2.1)

We say that ξt, t ∈ T , is a time-homogeneous Markov process with transition function
P (•, •, •) if for all t ≤ u and C almost surely

P{ξu ∈ C‖ξs, 0 ≤ s ≤ t} = P{ξu ∈ C‖ξt} = P (u− t, ξt, C). (2.2)
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According to the theorem formulated at the beginning of this lecture note, there is
essentially a one-to-one correspondence between Markov processes (if we consider only
their distributions: finite-dimensional distributions) and Markov transition functions, plus
initial distributions. So some part of the theory of Markov processes is describing all
possible transition functions.

This part is very simple in the case of discrete Markov chains: to obtain P (k, x, C) =∑
y∈C p

(k)
xy we just take the k-th power of the one-step transition matrix P = (pxy), and

the k-step transition probabilities p
(k)
xy are the entries of the power P k.

Describing transition functions in the continuous-time case is not as simple as that,
and this problem forms a substantial part of the theory in the continuous case.

The transition probabilities P (t, x, C) are (conditional) distributions of one of the
random variables forming our process, namely of ξt: P (t, x, C) = P{ξt ∈ C|ξ0 = x} (see
the definition of this kind of conditional probability in the text after formula (2008.29.14)).
An important part of the theory of Markov processes is about the relations of these dis-
tributions and the distributions of random variables associated with our process that are
associated with infinitely many (or at least many) of the random variables ξt. Such prob-
lems arise not only for continuous time, but for discrete Markov chains too. We’ll see some
example of this in the next lecture.

Before I go further, let me introduce some notation that we’ll be using both in the
discrete and in the continuous case.

Let a (time-homogeneous) Markov transition function P (•, •, •) be fixed. For x ∈ X,
let Px be the probability measure in the standard measurable space (Ω, F) (see the begin-
ning of the lecture note) with respect to which the (also standard) stochastic process ξt is a
Markov one with the given transition function and the initial distribution δx concentrated
at the point x.

We’ll be considering not a Markov process on one probability space (Ω, F , P ), but
on a whole family of such spaces: the process itself ξt(ω) will be the same, as well as
the sample space Ω and the σ-algebra F on it – but the probabilities will depend on a
parameter x ∈ X: (Ω, F , Px). We have: Px{ξ0 = x} = δx{x} = 1, i. e., almost surely
with respect to the probability Px the initial point ξ0 is equal to x. We’ll refer to Px like
this: the probability evaluated under the assumption that the process starts (at time 0)
from the point (state) x.

It turns out that sometimes it is easier to consider not one single Markov process with
a given transition function, but a whole family of processes – the process ξt(ω) itself being
the same, but the measures Px depending on the parameter x running over all of the state
space (phase space) X.

For discrete space X, the probability Px is the same as the conditional probability
P{ |ξ0 = x}. (In the case of an uncountable X, the conditional probability P{ |ξ0 = x}
is defined not in a unique way, but only almost unique; this is why we could do without
introducing the probabilities Px in the discrete case, and cannot in the general case. But
even in the discrete case, the notation Px is useful – even if it is only because it is shorter
than P{ |ξ0 = x}.)
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We can introduce also, for a probability measure ν on (X, X ), the probability measure Pν on the
space (Ω, F) with respect to which ξt is a Markov process with the given transition function and with
the initial distribution ν: Pν{ξ0 ∈ C} = ν(C). In the lecture (not in the present lecture note) I started
with Pν , and only after that introduced Px, x ∈ X . But we’ll be considering much more often the measures
Px than Pν .

In fact, the measure Pν can be obtained by mixing the measures Px with weight ν:

Pν(A) =
∫

X

ν(dx) Px(A), A ∈ F . (2.3)

The only difficulty that arises here is in proving that for every A ∈ F the function Px(A) is X -measurable
in x. We’ll not be concerned with this question – at least now.

Now we go to the case of discrete Markov chains (of course, time-homogeneous).
The most important concept that we introduced for Markov chains last semester

was that of ergodicity (see Lecture Note 2008.26): a Markov chain is called ergodic if its
transition probabilities p

(k)
xy in k steps converge as k → ∞ to a probability distribution

that does not depend on the starting point x: limk→∞ p
(k)
xy = py,

∑
y py = 1.

A theorem was proved for finite Markov chain – i. e. such that the space X is finite
(Theorem 2008.26.2):

Let ξ0, ξ1, ..., ξn, ... be a homogeneous finite Markov chain. Let there exits a natural k0

such that the transition matrix in k steps P k0 has a column with all entries positive.
Then the transition probabilities p

(k)
xy have limits as k →∞, and these limits do not

depend on the starting point x.
Of course, the limiting probabilities py, y ∈ X, form a probability distribution: they

are clearly nonnegative, and
∑

y py =
∑

y limk→∞ p
(k)
xy = limk→∞

∑
y p

(k)
xy = limk→∞ 1 = 1;

so the chain is ergodic. For infinite sums the sum of the limits id not necessarily equal to the limit of
the sums, and we cannot state that the limits py , if they exist, form a probability distribution.

So a sufficient condition for ergodicity of a finite Markov chain is that some power
P k0 of the transition matrix P has an all-positive column. It turns out that this condition
is also necessary (see Problem 2008.49* ). Let me give the proof here.

Let py ≥ 0,
∑

y py = 1 be the limiting distribution. Clearly there exists a y0 ∈ X

such that py0 > 0. Since for every x ∈ X we have limk→∞ p
(k)
xy0 = py0 , also p

(k)
xy0 is

positive for sufficiently large k – say, for k ≥ kx. Taking k0 = maxx∈X kx (the maximum
of finitely many numbers obviously exists), we get what we need: the y0-th column of the
matrix P k0 consists of all positive entries p

(k0)
xy0 .

In the infinite countable case ergodicity cannot be characterized in such terms. So
we go to discrete Markov chains, and one of things we are going to have is the conditions
under which such a chain is ergodic. We are going to start with considering some random
variables associated with infinitely many of the random variables ξ0, ξ1, ξ2, ..., ξn, ... .
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