MATH 777 MARKOV STOCHASTIC PROCESSES SPRING 2009

Lecture 28. Martingales and stopping times. Application to diffusion processes
and Dirichlet problem for elliptic differential equations.

Proof of Theorem 27.6. Let us introduce the random time

{ min{t;: 1 <i<n,n, >a} if there is at least one such t;,
T =

. . (28.1)
tmax if there is no such t;;

T is a stopping time — taking finitely many finite values.
The event {max(n:,, Ny, ..., N, ) > a} clearly coincides with the event {n, > a}.
Applying a Chebyshev-type inequality to the nonnegative random variable 7., we get:

En.

P{ma’x(ntu Moy« 77tn) Z (I} = P{nT 2 a} S (282)

E
and by Theorem 27.4 this is < M Momae
a

What Kolmogorov started this with was a particular case:

Theorem 28.1. Let &1, &, ..., &n be independent random wvariables with E&; = 0
and finite variances Var(§;) = a2. Then for every b >0

2 2 2
o{+o3+..+ 0,

P{max(|&1], [&1+ &5 -, |61+ &+ ...+ &) >0} < =

(28.3)
The classical Kolmogorov inequality is a strengthening of the classical Chebyshev’s
inequality:

V. & 24 . 2
Pl + ot €] > b} < ar(&; + +£):01+ +Uz§

O'% + ...+ U?L
b2 b2 '

b2

(28.4)

Let me show how the classical Kolmogorov’s inequality (28.3) is a particular case of
the Kolmogorov-type inequality (27.29). First we prove an auxiliary theorem:

Theorem 28.2. Suppose n:, t € T, is a martingale with respect to (Fy); and suppose
En? < co. Then the random function ¢; =n?, t € T, is a submartingale.

Proof. The measurability requirement is quite simple. Requirement (26.10): for
s>t

E((ne + (ns —m)"[|F<2)
E(n7 +2n¢(ns —ne) + (0s — m)?|| F<i) (28.5)
Em | F<i) + 2E(ne(ns — o) || F<r) + E((ns — me)?|| F<r).-

E(nZ||F<:)

The first summand is equal to n?. In the second, you can take 7; from under the sign of
the conditional expectation:

E(nt(ns - 77t)”-7:§t) = E(ns — 77t”-7:5t) = 0. (28.6)
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The third is nonnegative; so
Emi||F<e) > nj, (28.7)

which was to be proved.

It can be proved that if 7); is a martingale, and a function f(y) is concave upwards, then f(1;)
is a submartingale (provided E|f(n;)| < 00). The proof uses the fact that for every 3o there exists a
constant m(yo) such that f(y) > f(yo) + m(yo) . (y — yo) (for f(y) = y2 this is the inequality
y? > yg +2yo - (¥ — yo); if f(y) is concave and differentiable at y = yp, this is the fact that an
upward-concave function lies above its tangent line).

In Theorem 28.1 the sequence 7; = {14...4+&;, ¢ = 1, ..., n, is a martingale with respect
to the o-algebras F<; = o (&1, ..., &). By Theorem 28.2, the sequence ¢; = (&1 + ... +&)?,
i=1, ..., n, is a submartingale; and by inequality (27.29) we have:

2
P{max(|&], [&14Eal, -y [61 4. 4E&nl) > b} = P{max((1, (2, s Gn) > b} < nv (28.8)

which is equal to the right-hand side of (28.3).

Theorem 28.3. Let n:, t € T, be a nonnegative submartingale with sample functions
that are continuous from the right (or from the left). Then for every a >0

s E
P{supn; > a} < SUPter Mt

sup . (28.9)

This is a continuous-time counterpart of Theorem 27.6.

Proof. Clearly there exists a sequence of finite subsets 7y C T, C ... C T, C ... CT
such that

li 28.10
Supie = lm_ max .. (28.10)
It would seem that the event
oo
{supn, > a} = U {maxn: > a}; (28.11)
teT el teTy

but this is not true: it is possible that all max;c7, Y; are less than a, and sup,;crY; = a.
What is true, however, is that for every e € (0, a)

{sup ne > a} C U {max N > a— e} (28.12)

So we have (using Theorem 27.6):

P{supn, > a} < P(U {maxnt >a—c}) = lim P{maxnt >a—c}
te’T n=1 (2813)
< lim,, oo maxer, Eny _ SUDger En,

a—¢& a—¢&



Since the positive ¢ is arbitrary, we come to (28.9).

Theorem 28.4. Let ny, t € T, be a (subymartingale with sample functions that are
continuous on the right; let T be a stopping time that is bounded by some tyax € T
T < tmax- Suppose all ny(w) are bounded in absolute value by the same random vari-
able ((w), B¢ < 0.

Then

En, = En (or < Emn if n; is a submartingale). (28.14)

max max

Note that, while in Theorem 28.3 it is all the same for us whether the sample function
is continuous on the right or on the left, here it is important: with right continuity this
is true, and with left continuity it is not, generally (the same as with the strong Markov
property).

Proof. For definiteness, let T' = [0, o0). For a positive h, let us define the random
time 7" by
A {k:h for (k—1)h <7 < kh < tnax,

h (28.15)
tmax for (n—1)h < 7 <tmax < nh

(th = 0 if 7 = 0). This 7" is a measurable function of 7, and 7" > 7, so the random
variable 7" is also a stopping time; it takes only finitely many values (not more than
tmax/h + 1) and is < tyax, SO we can apply Theorem 27.3 or 27.4:

En.nw =FEn,,. (or < Emn..)- (28.16)
By the dominated-convergence theorem we have:

ET]T = E}}i}%&» nTh = h]i:n()l+ ElrlTh = Entmax (Or S Entmax)' (28'17)

In fact, Theorem 28.4 remains true without supposing that all random variables 1, t € T, are
dominated by the same random variable with finite expectation: |77t (w)] < C (w) for all ¢, w, where
E({ < 00; but the proof is much more complicated — and we really will be using the result only in the
situation of domination.

Let us apply the theory of martingales to diffusion processes; i.e. to Markov processes
& in RY with continuous trajectories, whose infinitesimal operator is given, for functions

f < Cumf( ) by

d 2
Afw) = Lf() = 5 32 ol 7)o (@) + Y hi@) - oL () (28.15)

(with the coefficients satisfying the requirements of Lecture 21).
Let us speak about linear partial differential equations of the elliptic type: equations
of the form

d d
= % Z a;j(x 8x 8:1;3 g 61’1 () + c(x) - u(x) = g(x), (28.19)

1,7=1



where the matrix (aij (w)) is, for every x, positive definite.

For elliptic equations we consider boundary-value problems.

The Dirichlet problem for the equation (28.19) is formulated as follows: given a func-
tion g(x) in a region G C RY and a function o(z) on its boundary G (make a picture of
G and its boundary), find a continuous function u(x), x € G U 9G, that is twice contin-
uously differentiable in G, satisfies equation (28.19) for @ € G and satisfies the boundary
condition

u(x) = p(x), x € 0G. (28.20)
The same can be reformulated as follows: find a twice continuously differentiable
function u(x) in G such that

Lu(x) = g(x), x € G,
lim u(y) = p(x), x € 0G.

y—x

(28.21)

For shortness, we just write the boundary condition as u(x) = ¢(x), ¢ € G (but
meaning that the limit condition in (28.21) is satisfied, or that the function u(x) is con-
tinuous in the closed region G U 0G).

In the case of the dimension d = 1, elliptic equations are second-order ordinary
differential equations; and the Dirichlet problem becomes a boundary-value problem for
an ordinary differential equation in an interval, with two boundary conditions at the two
ends of the interval.

Let us consider the case of equation without the term c(x) - u(x). It turns out that
the solution u(x) of the Dirichlet problem

Lu(z) = g(x), x € G,

u(x) = p(x), x € 0G, (28.22)

(without the term c¢(x) - u(x)) has the representation

@) = B (9(6) - [ a6 ds), (25.23)

where T = 7¢ is the first time at which the process &; leaves the region G:

min{t: G if there are such t,
=10 = { { gt ¢ } . (28.24)
o0 otherwise.
Particular cases:
1) g(x) = 0: the solution u(x) of the Dirichlet problem
Lu(x) =0, T € G,
(@) (28.25)

u(x) = p(x), =€ 0qG,



is represented as
u(@) = Eppl&,): (28.26)

2) g(x) = —1, p(x) =0 for = € IG: the expectation
m(x) = ExTa (28.27)
is the solution of the Dirichlet problem

Lm(x)=-1, =ze€gaG,

28.28
m(x) =0, x € 0G. ( )

However, this is not as simple as that: for (28.23), (28.26), or (28.28) to hold it is
necessary that E,7¢ be finite; or at least that 7 = 7¢ < oo almost surely (otherwise &,
makes no sense). And we were speaking of the solution of the Dirichlet problem; but is
there such a thing: do we know that this solution is unique? Also questions of existence of
a solution arise. If F,7g < oo, and the functions g and ¢ are bounded, the expectation
(28.23) does exist; but will the function wu(x) defined by this formula be a solution of
(28.22): will it be smooth inside G? will it assume the boundary values ¢(x) at the
boundary 0G?

These questions are best addressed with some combination of usual partial-differential-
equations methods and probabilistic methods based on martingales.

And it is clear that we need some order.

Theorem 28.5. Let m(x) be a bounded solution of the Dirichlet problem (28.28).
Suppose that m(x), defined, originally, only for x* € G U O0G, can be extended to the
whole R as a twice continuously differentiable function u(x), * € R? (u(xz) = m(x) for
x € GUOIQG), that grows not faster than exponentially together with its first and second
derivatives.

Then Exte < oo for every x € G, and m(x) = Ex7q.

Proof. As we know,

= u(E)) — /0 Lu(£.) ds (28.29)

is a martingale. The random variable 7 = 7¢ is a stopping time (the first time that a
continuous stochastic process &; hits the closed set R% \ G); and for every t, € (0, oo0)
the minimum min(7, t,.) is a bounded stopping time (bounded by the constant t.). So by
Theorem 28.4,

Ewnmin(Tg,t*) = Eqgno; (2830)
or, by (28.29),

min(7, t.)
E:z: <u(£min(7,t*)) - /0 Lu(gs) dS) = Emu(£0) = U(iB) (2831)

We have u(x) = m(x) because x € G; since min(7, t,) < 7, we have u(§min(r,t,)) =
M(&min(r,+.)) and Lu(&s) = Lm(§s) = — 1 for s < min(7, t.); so

(@) = Ea (m(Eminr.1.)) + min(r, £.)), (28.32)
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Epmin(7, t.) = m(x) — Ezm(&min(r,t.))- (28.33)

It is clear that min(7, t.) for every w € Q is a non-decreasing function of ¢, (it is
increasing up to t, = 7, and after that it remains constant; if 75 = co, this minimum is
equal to t,, and keeps on growing for all t,). Clearly the limit

lim min(7g, t.) = 76. (28.34)

te—00

By the monotone-convergence theorem we have:

Er7e = lim Eymin(7g, t.) = m(x) — lim Ezm(&min(r,t.))- (28.35)

te—00 te—00
The function m is bounded, so the limit (28.35) is finite, E,7¢ < oc.
Now, using the fact that 7¢ < oo almost surely, and the continuity of &;, we have:

lim Emin(‘r,t*) = ST; (2836)

t

and using the fact that the function m is continuous in G U 0G, we get:

lim m(&min(r,+.)) = m(&r) =0, (28.37)

te—00

because &, € 0G.
The random variables m(&min(r,¢,)) are all bounded by the same constant
sup{|m(x)|: * € GUIG} < o0; so by the dominated-convergence theorem we have:

Ert¢ = m(x) — lim E,,,m(gmin(m*)) =m(x) — Ex lim m(ﬁmin(ﬂt*)) =m(x). (28.38)

te—00 te—00

Theorem 28.6. Let G be a region in RY such that Ex7q < co. Let g(x), € G, and
o(x), x € 0G, be bounded functions. Suppose u(x) is a bounded solution of the Dirichlet
problem

1 <& 0%u d ou
Do) = 2 3 (@) 50 @)+ Y @) P @) = gla), w0,

i, =1 =1
u(x) = p(x), x € 0G.

(28.39)

Suppose u(x) can be estended to the whole RY as a twice continuously differentiable
function, growing, together with its derivatives, not faster than exponentially.

Then for x € GUIOG

u(x) = By <90(£T) - / 9(&s) dS). (28.40)
0
Proof. Again take the martingale

ne = u(&) _/0 Lu(§s) ds, (28.41)
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and again take it at the stopping time min(r, ¢,):

E, (U(Emin(T,t*)) - /Omin(ﬁt*) Lu(&s) ds> ( )
28.42

= E, <U<€min(r,t*)) - /Omin(T’t*) 9(&s) ds) = Ezno = u(x).

The random variables under the expectation sign are for every t, dominated by the random
variable

sup [u(@)] + sup |g(a)| - 7, (28.43)
xeGUOG xz€0G

which has a finite expectation; and by the dominated-convergence theorem, letting
t, — 00, we get

T

@) = B (u€:) ~ [ 9t ds) = Ea(ot6) ~ [ at6) ds). (28.44)

In the next lecture we’ll consider concrete applications of all this to the Wiener process.



