MATH 777 MARKOV STOCHASTIC PROCESSES SPRING 2009

Lecture 35. Examples of diffusion processes arising as solutions of stochastic
equations. Introduction to existence and uniqueness results.

The modern theory of differential equations is not so much about “solving” the equa-
tions, i.e., writing explicit expressions for their solutions, but more about methods for
finding the solutions numerically (especially so in our computer age), about establishing
qualitative properties of the solutions: say, what happens with them as ¢t — oo (that is,
on time intervals that are beyond the reach of any numerical method), etc. The same with
stochastic equations: very seldom can we “solve” a stochastic equation, that is, write an
explicit expression for the solution; we may be more interested in numerical methods, etc.;
but the main thing for us is using stochastic equations to describe some more complicated
stochastic processes & using simpler ones (namely, the Wiener process). However, let us
consider first some examples in which the stochastic equation can be solved explicitly.

Example 35.1. Let us consider the equation
d& = bdt + o dWy, (35.1)

where b and o are constants. Let &; be a random variable that is independent with
the family of random variables Wy, ¢ > 0. If we introduce the non-decreasing fam-
ily of o-algebras F; = o(&p; Ws,0 < s < t), the Wiener process W; will still be a
Wiener process with respect to this family of o-algebras (i.e., W} is adapted to (F;), and
P{W, € C||F} = P(u—t, Wy, C) for 0 <t < u; the fact has been mentioned before).
The solution of equation (35.1) with the initial condition & at time 0 can be written as

&= +o- (W, —Wy)+b-t (35.2)

t t
(indeed, (35.2) can be rewritten as & = &y + / o dWs + / b ds, and by definition this
0 0

means (35.1)). The increment of the process & on a time interval from ¢t to s > t is
equal to o (Wy—W,)+b-(s—t), and it is is a normal random variable with parameters
(b-(s—1t), 0% (s—1)), so |o|y/s —t is its standard deviation. So o (or rather its absolute
value) is the standard deviation of the increment of our process per time unit. This is
the reason why the traditional notation for this coefficient, and, in the case of a general
stochastic equation (34.23), for the corresponding function is o, o(z). The same for the
multidimensional case (equations (30.6), (31.3)—(31.4)): the notations o;,(x) and the
matrix o(x) are usually used.

What about the first parameter, b - (s — t), of our normal distribution? Suppose we
have a river with constant velocity b of flow. A particle in the water, engaged in Brownian
motion, will be described by a Wiener process W; in a coordinate system moving together
with the flow, but with respect to a fixed coordinate system, the particle will be dragged
by the water, so it will be described rather by the random function & (if the Brownian
motion of the particle is described not by a standard Wiener process, but has standard
deviation equal to ¢ per time unit). In the pseudo-nautical language, we can call this
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drift; and the coefficient b, be it constant, as in (35.1), (35.2), or variable: b = b(x), is
called the drift coefficient.

It is pretty easy to show that the process (35.2) is a Markov one (with transition

—(xz—bt))? /202t

1
density p(t, z,y) = —— e~ I am not giving the proof here); so it is

V2ro?t

a diffusion process. The generating operator corresponding to this process is L f(z) =

2
5 f"(z) +b- f'(z). The coefficient a = o2 is called the diffusion coefficient. The same

name is used for the variable coefficient a(x) in the case of a general one-dimensional
( ) - f"(z) + b(z) - f'(x); the matrix (a;;(z))

of the coefficients in the multidimensional generatmg operator

diffusion process with generator L f(x) =

d 2 ¢
Li@ =3 Y ayla) (o +Zb @) (35.3)

i, j=1

is called the diffusion matrix.

The name of diffusion process is used because the movement of a single particle in
the physical process of diffusion (penetration of some substance into the space occupied
by another one) is similar to that of a particle in Brownian motion; only there may be
drift involved, accounting for the summand b(&;) dt, and the rate of the chaotic movements
similar to Brownian motion may depend on the point of the space region where the particle
is at that time.

Diffusion processes provide mathematical models for many problems in which stochas-
tic processes appear. Let me show an application to physics:

Example 35.2. As I told you, the Wiener process provides a mathematical model
for the phenomenon of Brownian motion. Of course, as every mathematical model, it
works only in some approximation. In particular, in this model a Brownian particle has

no velocity: the derivative —% does not exist.

Real-world particles do have velocities; and the next approximation is the model that
takes this into account.

Let us consider a particle that moves on the line, being pushed chaotically from the
right and from the left by molecules. Let the velocity of the particle at a time ¢ be n;. If
n; > 0, i.e., the particle moves to the right at time ¢, then it meets more molecules hitting
it from the right than the number of molecules that hit it from the left; and a force will be
applied to it directed to the left. If n; < 0, a force will be applied to the particle directed
to the right. As the first approximation, we can assume that this force is proportional to
the velocity, with some coefficient of proportionality u:

F=—pun,. (35.4)

If we didn’t take into account the chaotic character of impulses given to the particle by
the molecules hitting it, we would write:
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where m is the mass of the particle. This equation can be seen in every textbook of
ordinary differential equations, and it describes the velocity of an object moving in a
viscous fluid (including gasses, even though their viscosity is small) without taking into
account the chaotic, random character of the molecule hits on the particle.

This random character is taken care of by adding a stochastic term:

dny = —cmp dt + o dWry, (35.6)

where ¢ = ﬂ. The coefficient ¢ here depends on how many molecules there are per unit

of length, agld of the ratios of their masses to the mass m of the particle.

So the velocity of a particle in a physical Brownian motion is described, in the next
approximation, by (35.6); and the solution of this equation is a diffusion process. The
coefficient b(x) is a linear function: b(x) = —c -z, and o(x) = o = const.

As for the position of the particle at time ¢, it is described by

t
& =& +/O ns ds. (35.7)

The equation (35.6) is linear: its right-hand side depends on the unknown function
linearly.

It turns out that, in a rare exception, we can “solve” this equation: that is, write an
explicit formula for it. However, what does it mean: “an explicit formula”? In the case of ordinary
differential equations, we are satisfied if the expression for the solution involves some integrals, even if we
cannot write an “explicit formula” for the anti-derivative; so here we should be satisfied if the answer is

expressed in terms of Riemann integrals and stochastic integrals.

The equation (35.6) means that

t t
N = Mo — C/ ns ds +/ o dWs. (35.8)
0 0

We may try to solve the equation (35.8) — which is equivalent to the stochastic differential
equation (35.6) plus the initial condition at the time point 0 — just the way we would were
the function W; differentiable.

The solution 7; of the initial-value problem

d aw,
% :—cft—I—G-—dtt, Tlo = Yo (35.9)

where W; (and —t) is a known function, is written, according to the general rule of

solving linear first-order equations, as

t
dWs
N = Vo - €_Ct + 0'/0 G_C(t_s) K dS, (3510)
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this can be rewritten as
t
me = vy - e+ o—/ e ct=3) qw,. (35.11)
0

While formula (35.10) did not really make sense for the Wiener process, because it is not

differentiable, formula (35.11) does make sense, the integral being a stochastic one. The

formula is not proved yet, because in trying to write it we have made false assumptions

(“if the Wiener process were differentiable”); but we can prove it using It6’s formula.
We consider the stochastic process

t
G = / e dWs; (35.12)
to
its stochastic differential is
d¢; = et dW;. (35.13)
Taking the function
F(t,z)=vg-e " +0e ", (35.14)
we can write that
ne = F(t, G). (35.15)

The rest is left to you as a problem:

Applying 1t6’s formula to the random function (35.15), prove that for
t
ny = voe a/ e~ (t=3) g, t>0, (35.16)
0

we have:
dny = —cn dt + o dW;. (35.17)

The process 1; turns out to be a Markov one: a diffusion process (I won’t speak about
it now, waiting until we have a general statement about it). Its generating differential
operator is

2
Lf(z) = % #(z) — cx f'(x). (35.18)
We couldn’t have handled this diffusion process using the PDE results given in Lecture
note 21, because the drift coefficient b(x) = — cx is not bounded — but perhaps we could

look for PDE results for parabolic equations that allow the coefficients to grow linearly.
We’ll see that we can handle it using stochastic equations with ease.

Example 35.3. It turns out that the stochastic process given by formula (35.7) is
not a diffusion process; but the pair (&, n;) is one.
What is the system of stochastic equations that generates this process? It is

d§y = nq dt,

35.19
dntz—%mdtJrath, ( )
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or, in the vector-matrix form,
Ur
a( &) = 1 dt+ ( dW;. (35.20)
"It - o
m

Applying the It6 formula (34.22), we can write the generating differential operator for
the two-dimensional process (&, n¢): it is given by formula (35.3) with d = 2, the drift

v
b(x) =b(x, v) = < L ) and the diffusion matrix (a;;(x)) = (8 002 ):
0 0 2 92
Lf(z,v)=v- a—i(a; v) —cv- a—i(m, v) + % . a—vjzc(x, v). (35.21)

The matrix (aij(a:)) is mot positive-definite, so we couldn’t apply here any results
about parabolic differential equations; again, handling this process using stochastic equa-
tions is quite easy.

Now we go to the results on existence and uniqueness of solutions for stochastic
equations. But first let me remind you the situation in the ordinary differential equations.

One of approaches to constructing solutions of differential equations is to replace the
initial-value problem

dx
d—tt =b(xy), my == (35.22)
with the integral equation equivalent to it:
t
Ty = —|—/ b(xs) ds. (35.23)
to

Suppose the right-hand side function b(z) satisfies a Lipschitz condition:
b(z) —b(y)| < C- |z —yl, (35.24)

where C' is a constant.

Then the existence of a solution can be proved by using successive approximations:

2V =z, (35.25)
and for n >1 .
x(tn) =z +/ b(z"V) ds. (35.26)
to
Both for t >ty and for ¢t < ¢ty we have:
t
o) =20 = [ b(o) ds| = [b(a)] -t to (35.27)
to
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for n > 1 we have (for a little shorter notations, we consider only ¢ > ty):
¢ t
2§ = 2tV = | / (b D) = b)) ds| < / O |zD — 2P| ds, (35.28)
to to

and by induction we prove that

N e T ¥ ot B i1 _nfo‘", (35.29)
where K is a constant. Since the series
g:lK on-t. L= tol” _n’!fO'n = g . gClt—tol (35.30)
converges, we see that the series
g+ @W -2+ @ -2+ o+ @ =2y 4 (35.31)

converges, uniformly in ¢ changing in every finite interval, that is, there exists the limit

z = lim ", (35.32)
Limit passage in (35.26) yields (35.23).

As for proving the uniqueness of the solution, we are able to get at the same price also
its continuous dependence on the initial condition z: if z; is a solution of the initial-value
problem (35.22), or, which is the same, of the integral equation (35.23), and y; is the
solution of

dy
d—tt =byt), Y =V, (35.33)
then we have:
|2 — ] < | —y| - €10l (35.34)

This is obtained by subtracting (35.23) and the corresponding integral equation for y;
(again I'll write this only for ¢ > ¢y even if the same is true for ¢ < ¢y):

t
T — Y = (T —y) +/ (b(zs) — b(ys)) ds, (35.35)
to
t
oo =y <z —yl+ [ C-los—ys| ds (35.36)
to

This is an integral inequality; it turns out that its every solution is less or equal that the
solution of the corresponding integral equation:

2 — yi| < U, (35.37)
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where

t
U=lz—yl+ | C-Usds. (35.38)

to

The equation (35.38) is equivalent to the initial-value problem

dU,
d—tt =C-U, Uy,=lz—1y (35.39)
SO

Up = |z —y| - eCtt0) (35.40)

('l remind you that we consider now only the case of ¢ > tg).

To prove (35.37) it is enough to prove that for every € > 0, t >t
|2 — ye| < (| —y| +¢) - “CEP0), (35.41)

At t = ¢t this is true. Suppose at some t; > tg it is not. The left-hand side of (35.41)
and the right-hand side are continuous functions, so there is the smallest ¢, such that for
t = t. (35.41) does not hold; at this point the left-hand side is equal to the right-hand
side. We have:
0= [zr, —ye,| = (|2 —y| +¢) - 7"

28
< |:L‘—y|+/ C-lzs —ys| ds

to t (35.42)

o=yl )= [ O (l—yl+e) e ds
to

< —e <0,

because |z — ys| < (|z —y| +¢) - eCE~%) for all s € [to, t*). The contradiction obtained
proves that it is impossible that inequality (35.37) shouldn’t hold; then since a positive &
can be chosen arbitrarily small, we get (35.37).

The uniqueness is a particular case with |z —y| = 0.

We know that there are other theorems of existence (and uniqueness) for ordinary
differential equations and that the Lipschitz condition (35.24) is not necessary for the
existence and uniqueness to take place.



