MATH 777 MARKOV STOCHASTIC PROCESSES SPRING 2009

Lecture 37. Stochastic integral equations. Uniqueness. The solution as a
functional of the Wiener process.

Now to the uniqueness.

Suppose that &, t > tg, is a mean-square continuous solution of (36.2) with E£2 < oo,
and 7 is a mean-square continuous solution of the same equation with a different initial
condition:

t t
m:myﬁ/mmww+/amgmm, (37.1)

to to

EntQO < 0. We are going to prove that for to <t <tg+T

160 = mell2 < &g = tol2 - F(2), (37.2)

where F'(t) is some continuous function; which means that
B(& —m)* < B, —m,)* F(t)*. (37.3)

We have:

& = mell2 = 1o — o2 + | )

Z%@Q—WMMB+/b@9—dmﬂﬂm

to

t t
< [I€0 = Mo ll2 + t 16(&s) = b(ns)l2 ds + \//t lo(€s) = a(ns)13 ds

. g (37.4)
SM@—%M+C[/H&—Mb%+¢/ﬂé—m@%}
to to
t
<l —molla + € (4 VDN [ e = ml3ds.
to
Using the inequality (a + b)? < 2a? + 2b%, we obtain:
t
E(& —m)® <2[l&, — o ll2 +2C% - (14+VT)? - | E(& —ns)>ds.  (37.5)

to

The function || — 7¢||3 satisfies the integral inequality of the same kind as (35.36), with
2(|&4, — e, ||3 instead of [|€,, — 7, |2 and 2C% - (1 + /T)? instead of C; so, similarly to
(35.37), (35.40), we have:

2 204
1€ — nel|2 < 21ny — g |3 - €207 AV (t=t0), (37.6)

This proves the uniqueness of a solution with finite £¢?; and at the same time, mean-
square continuous dependence of the solution on the initial condition.
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The same results of existence and uniqueness are proved in the same way for systems
of stochastic equations

dg) =bi(&) dt + > ow(&)dWF,  i=1,..d, (37.7)
k=1

with initial conditions f‘zo or, in the form of integral equations,

) ) t T t
() = 5;0 +/t bi(&s) ds + Z/t ik (€s) dWSk, 1=1,...,d; (37.8)
0 k=1 to

or, in the vector-matrix form,

d§: = b(&;) di + o (&) AW, (37.9)
with the initial condition &,
t t
& =&, -I—/ b(&s) ds—l—/ (&) dWs, (37.10)
to to

if the coefficients, the column vector-valued function b(x), x € RY, with components

bi(x), ..., ba(z) and the (d x r)-matrix valued o(z) = (0 (x))i=1,... a satisfy Lipschitz
conditions in : k=1,..r
bi(x) —bi(Y)| < C-le—yl,  fon(®) —on(y)| <C |z -yl (37.11)

The proof is exactly the same; but, of course, writing all the formulas would take too
much space in this case.

Now I want to represent the results obtained in some other forms (I present it here
in a different order, and with notations different from those used in the lecture), using a
higher level of abstraction. I did not formulate the results about existence and uniqueness
as separate theorems; to compensate for it, I’ll formulate several smaller theorems in what
follows. For simplicity of notations I am going to consider the one-dimensional case. Also
for simplicity let us start with the solution &, t > 0, of our stochastic equation with an
initial condition &y at time 0 (&g is supposed to be Fy-measurable).

I want to prove that this solution can be represented as some (measurable) function of
two random variables: the initial condition &y(w), taking values in the measurable space
(R, Bl), and the trajectory We(w) of the Wiener process, taking values in the space
C = C([O7 00), Rl) of continuous functions wus, t > 0 (I am asking forgiveness for denting with
C sometimes the space of all continuous functions, and sometimes that of bounded continuous functions;
here it is definitely all continuous functions, bounded and unbounded. As we know, the trajectories of the

Wiener process on the time interval from 0 to 00 are almost surely unbounded).

But here you should have started shouting: “It’s nonsense! We can speak of random
variables taking values in a measurable space (X, X): the space plus a o-algebra on it;

2



and here you have only the space C, and no o-algebra!” This is true: before speaking of
a random variable W,, I must introduce a o-algebra in my space C.

As this o-algebra — let me denote it C — I take the o-algebra generated by all subsets
of C described by the values of a function at finitely many points:

C=0{{ue €C: (usy, ..., us,) €C} t1, ..., t, 20, C € B", n > 1}. (37.12)

Let us check that the trajectory W4 of the Wiener process is a random variable with
values in (C, C).
This means that for every set A € C the set

{w: We(w) € A} (37.13)

belongs to the o-algebra F of all events.
Let us denote

E={{ue €C: (ut,, ..., u,) €C}, t1,...., t, >0, C € B*, n>1}; (37.14)

and D will be the class of all sets A for which the w-set (37.13) belongs to F.
The class £ C D. Indeed, this means that for every n, t{, ..., t, > 0, and C € B",
A ={us € C: (ug,, ..., up,) € C'} we have:

{w: We(w) € A} = {w: (W}, (w), ..., Wy, (w)) € C} € F. (37.15)

But this is obvious, because Wy, , ..., W; are random variables. So: D D &.

The next thing: the class D is a o-algebra in C. Indeed, it contains C, because the
set {w: We(w) € C} = Q; if A belongs to D, so does the complement A¢: {w: W,(w) €
A} ={w: We(w) € A}¢ € F; and closedness of D under countable unions is equally easy.

So D contains the smallest o-algebra C containing &£; or, in the opposite direction:
C C D, which proves our statement.

Of course, we can do it not only with a Wiener process, but with every stochastic process with continu-
ous trajectories; and if the trajectories are not continuous, but all of them belong to some function space S,
we can consider the trajectory of our stochastic process as a random point taking values in the measurable
space (S, §), where the o-algebra S is defined by formula (37.12) in which C is replaced with S. For the
trajectories we can consider their distributions in function spaces, and so on. Considering distributions in

functional spaces is very interesting; but not now: we are interested in stochastic equations right now.

Theorem 37.1. If the coefficients b, o satisfy a Lipschitz condition, there exists a
function (functional?) =%(u,) (Z is the capital Greek letter “xi”) of x € R, t € [0, o0),
and ue € C, measurable with respect to B* x B, s0) X C, such that a version of the solution
of the equation d&; = b(&;) dt+o (&) dWy with the initial condition & at time 0 is given by

&(w) = EP (W (w)). (37.16)

In the proof, we have to repeat once more the whole theory of stochastic integrals
and the whole proof of existence for stochastic equations, but in a new situation, on a more
abstract level.



Let T be the partition tp =0 < t; < ty < ... < t; < ... of the interval [0, c0). For a
step function of the form

g7 (b ua) = 3 e () - Ty 1) (8) (37.17)
we define its stochastic integral, for ¢;_1 <t <t;, by

j—1

/0 g (s, ue) dus = Zcf(u.) (u, —ug_y ) + ¢ (ue) - (U —ug,_y ). (37.18)

=1

This integral is clearly measurable in the variables (z, ¢, us).
Obviously, if we take here us = Wi(w) and x = &y, we obtain our standard definition

t
of the stochastic integral of a step random function / Jrak (s, We (w)) dWs.

Now let g®(t, ue) be a non-step function of z € R, t € [0, c0), and ue € C, measur-
able with respect to B! x B, sc) X C. Let us consider the partition ¥, with partition points
0 =0<1t} <ty <..<t@ < .. with the lengths of the intervals equal to 1/10"™. We
define step functions g7 (¢, ue) by

gn(t, ue) = g"(ti2 1, ua) for ;% <t <tj; (37.19)

and we define the stochastic integral of the function ¢* by

t
lim / g (s, ue) dus if a finite limit exists,

t
/ gx(s, u.) dus = n—oo Jq
0

0 otherwise.

(37.20)

Again, this limit is measurable in the triple (x, ¢, ue).
t

The stochastic integral / g*° (s, We(w)) dW, is almost surely equal to this if the
0
random function ¢ (s, We (w)) is progressively measurable and mean-square continuous

with E (g% (¢/, We(w)) — g% (¢, W.(w)))2 < const - |t/ — t|? for some B > 0 (because the
limit exists almost surely, see the proof of Theorem 32.4, and the almost-sure limit almost
surely coincides with the mean-square limit).

Now let us go to stochastic equations.
For the stochastic integral equation

t t
E7 (ue) = x+/ b(Z% (ua)) ds+/ o (Z2(us)) dus, (37.22)

0 0
let us write successive approximations:

—x, (0
=T’ ( )(

t t
=) = et [ @0V dst [oEO W) du, (3729
0 0



where the first integral is understood as a Lebesgue one, and is replaced with 0 if the
integrand is not integrable. And then we take

n—00 (37.24)
0 otherwise.

lim =% ™ (u,)  if a finite limit exists,
—x
Zi (ue) =

Again this limit is measurable. And if we take &y in the place of z, and W;(w) instead of
ug, all limits exist almost surely (see Lecture 36), and this turns out to be a version of the
solution & (w) of our stochastic equation.

The following theorem is very easy:

Theorem 37.2. For any constant a we have Zf (ue — a) = ZF (uq); and the solution
& of our equation can be written as & = Egto(W. — Wo).

This is because only increments of the Wiener process (of the function wu,e) are used
in the stochastic integrals. The last statement means that we can assume that our Wiener
process starts from 0.

Theorem 37.3. A wversion of the solution &, t > tg, of our stochastic equation with
initial condition &, at the time to can be written as

& = =5, (W), (37.25)

where W, = Wit — Wiy, t > 0 (this W, is another Wiener process).

Proof. The successive approximations, and all stochastic integrals (and all Lebesgue
ones) that arise in solving our equation with the initial condition at time ¢, involve incre-
ments of the Wiener process Wy after time ty, which are the same as increments of the
other Wiener process W; after time 0: the successive approximations are the same. And
Ef;o_to(W.) is precisely &, .

The plan of what is to follow: The random variable £, is measurable with respect to
Fi,, and W, is independent from this o-algebra. Using this fact and Problem

Let F(z, y) be a bounded (X x ))-measurable function on the space (X xY, X x)).
Let ¢ be a random variable with values in the space (X, X'), measurable with respect to
a o-algebra A; let n be a random variable with values in (Y, )) that is independent with
the o-algebra A. Let G(x) = EF(z, n).

Prove that E(F(f, 77)H.A) = G(§) (almost surely, of course),

we prove that the solution &; of the stochastic equation is a Markov process (and so it is
a diffusion process, and a Feller one at that — because the solution depends continuously
on the initial point).



