MATH 777 MARKOV STOCHASTIC PROCESSES SPRING 2009

Lecture 5. Discrete Markov chains. Limiting probabilities and mean return
times.

(n)

Theorem 5.1. If there exists a limit lim, . pyy = py, then this limit is equal to

1
taking — = 0).
B,r, (toking 5 =0)

Note that we do not suppose that our Markov chain is ergodic, or that all limits
(n)

state y.

are the same, or that these limits even exist: our statement is about just one

I was unsure whether I should give the proof since we’ll have another theorem, in which the existence
of the limit is not presupposed, but proved; also the proof of that theorem will provide us with the value
1 / EyTy for it. But still I'll give the proof, hoping it will be much simpler than the proof of the bigger

theorem I only mentioned here.

Proof. First of all, the statement of the theorem is true if the state y is transient:
E,7, = oo since the random variable takes the value oo with positive probability; and
lim,, oo pl(,z) = 0, because the series Y pz(f;) converges. What remains is the case of the

state y being recurrent: P {71, < oo} = 1.

Let us prove that

Dy
1-—s

Py, (s) = +o(1 —s) (s —17). (5.1)

This means that for every positive ¢ there exists an sy < 1 such that for every s € [so, 1)

we have .

1—s

Dy
-5

[Pyy(s) — 77| < (5.2)
Let us choose a natural ng so that |pg(j;) — pyl < €/2. The difference in the left-hand
side of (5.1) can be rewritten as

e’ e’ no—1 o’}
S S = S ) S0 ) 63
n=0 n=0 n=0 n=ng

Each summand in the first sum is not greater than 1 in absolute value, so this sum does
g/2 - sm0 €/2

< .

1—s 1—s

, and we have got

not exceed ng. the second sum is not greater in absolute value than

For sop =1—¢/2ny < s < 1 the first sum too is not greater than
(5.2) and (5.1).

We can rewrite formula (5.1) as

lim Pyy(s)- (1 —s) =p,. (5.4)

s—1—



1-F 1
We know that Fj,(s) =1 — (formula (4.6)), : yi(s) =3 5)-(1=s) SO
- vy AT

it follows from (5.4) that

Pyy(s)

1-F
lim L= Fw(®) g . (5.5)
s—1— 1—3s s—1- 1—s Dy

where we are taking 1/0 = oo (Fyy(1) = > 1, flf’;) = 1 because we supposed that the
state y is recurrent).

The function Fy, is continuous in the interval [s, 1] (because of uniform convergence
of the power series defining this function) and differentiable in the interval (s, 1); so the
left-hand side of (5.5) can be written as F () for some 5 € (s, 1). We see that the limit
of the derivative Fy, (5) as s — 1 is equal to 1/p,. As s — 17, the intermediate point
§ also goes to 17, so we have: lim;_,;- Fy (5) = 1/p, (this limit exists and is equal to

k . k
Yook fy(y)). Finally we have Y, k- fgsy) = Ey1y = 1/py, py = 1/Ey7y.
We have introduced a classification of states y € X: recurrent, transient. Let us
introduce some more classification.

We say that a state y is periodic with period d, where d is an integer greater than
1if fggk) = 0 except, possibly, k that are divisible by d:

k/d is not an integer = é’;) = 0. (5.6)

A state y € X is called aperiodic if it does not have any period > 1. (Out of the states
mentioned in Problem , the one in (b) is periodic with period 2, and the rest are aperiodic.)

)

Theorem 5.2. Let y be an aperiodic state. Then the limit lim,,_, . p?(]:; exists and

is equal to 1/EyT,.
I am going to prove first a theorem being a simpler particular case of Theorem 5.2:
Theorem 5.2, Let f@%) > 0. Then lim, pg(;;) exists and is equal to 1/E,T,. (Of
course if fﬁ) > 0, the state y is aperiodic.)
Proof. It was mentioned that the statement is true for transient states, so we have

to prove it only for recurrent states (3, 355) =1).

There exist finite upper and lower limits

p=lmp(),  p=lmpf),  0<p<p<lL (5.7)

This means that for every € > 0 there exists ng such that for all n > ng

1_7—5<péz)<1_9+5 (5.8)

and that there exist a sequence n; — oo such that

lim p{i) = p, (5.9)

71— 00



and another sequence n, — oo,

(n})

lim py,"" = p. (5.10)
71— 00 -
We are going to prove that for the sequence n; also
lim p(”’ D =3. (5.11)
1—00

For this, we have to prove that for every € > 0 there exists an ig such that for i > iy we
have
Py >D—¢ (5.12)
(as for pji~! <Pp+e, it follows from (5.8)).
Let us choose a natural ko so that > .2, f(k) < 5f(1)/3, an no so that the in-

equalities (5.8) hold with & fyy)/ 3 instead of ¢, and an ¢y so that n;, > ng + ko and that
the inequality péyl) >p—¢ flgglj) / 3 holds for i > 1.

We have (by the formula pyy = k 1 g%j) :5]; k))
£ /3 < pln) = iy Z FY0pmk) | Z Fiy "
k=ko-+1
0
< D § 3 gy Dz Z £ (5.13)
=2 k=ko+1

< f PV (= B ef) /3) e £y /3
< [PV P42 ) 13 — [P,

(1)(ni—1) Dy _ 2 £(1)
f pyTyL > fyy p € yy (514)
Pt > p—e. (5.15)
Repeating this argument with n; — 1 instead of n;, we get that pyy(™—2) — P as
1 — 00, and generally, pg(,yl LN D.
Just the same way, for the sequence n; such that p?(j;”) — p we get that p@(];i_k) —p
for k=1, 2, 3,
Now let us introduce the sums (the remainders, or “tails”, of the series >, °, f, (k))
oo
re= > [, (5.16)
j=k+1
We have: rp = 1 (remember: we have excluded the case of transience); and f(k) =

rk—1 — k. So we can rewrite the formula pyy => (Z)p?% k))

n

Pl =roply) = " (ri—1 — re)ply

- =l (5.17)

= T0Dyy 2 +7‘1P§,Z Dt 2]9(1) + Tn— 1]9(0)

—rply ) — = ropll) — raply) — rapl).



From this we get:
n—1
Dl =) = raply) = 0. (5.18)
k=0

In what follows some things were in Lecture 5, some will be in Lecture 6.

My next statement is that for all n

n

Zrkpg;_k) =1. (5.19)
k=0

Indeed, for n = 0 this sum consists of one summand only: rop(yoy) =1-1=1.And for
n > 0 we have:

n—1 n n—1
> orply T = ol = (el Y = pl ) — raply) = (5.20)
k=0 k=0 k=0

according to (5.18). So the difference of two neighboring sums of (5.19) is equal to 0, they
are all equal to one another, and to the zeroth sum, which is equal to 1.

Now, the sum

o) [el) [e’e) oo j—1 o)
dore= > fy =2 > Sl =D i1 =By (5.21)
k=0 k=0 j=Fk+1 j=1k=0 j=1
For every K we have:
n ez K K
1= Zrkpg’;—k) = lim Zr’fpézi_k) > lim Zrkpg’;i_k) — ZT’C . (5.22)
k=0 T k=0 =0 k=0
. _ 1 o .
From this we get that p < —5=——— for every K, and the limit passage as K — oo yields
k=0 "k
S 1 1
m p\") < e = . (5.23)
n—oot ¥ T N o EyTy
This solves the problem in the case of F,7, = oo: lim, o pg(,Z) = 0. In the case of

E,T1, < oo we have to take care of the lower limit as well, and consider the sequence n;.
In the case of a finite expectation F,7, we have for an arbitrary K:

n; K—-1 0o K-1 0o
i Sl < B Sl Y m= Y mep e 620
k=0 k=0 k=K k=0 k=K



Taking K — 0o, we obtain:

= 1
1<p-> 1 p> : (5.25)
k=0 B vTy

From this, together with (5.23) and p < p, follows li_mn_)oop?%) = mnqoopy(];) =

lim,, 00 pz(,z) =1/E,T,.
Theorem 5.2’ is proved.

Now to the proof of Theorem 5.2.

Suppose that f?y;) > 0 for k = ky, ..., k- (...,): a finite or an infinite number of
k’s. Exactly the same way as in the proof of Theorem 5.2" we prove that pé@i_kj ) D
as i — 0o, then that pg%i_k“_k”) — P; etc.: the original sequence n; from which some

number or k’s with positive f@%) is subtracted.

Aperiodicity means that the largest common divisor of kq, ..., k. (,...) is equal to 1.
Of course if the largest common divisor of an infinite set of integers is equal to 1, we
can choose from them finitely many with the largest common divisor 1. And here we are
going to use a lemma belonging to the number theory (and as usual I won’t give its proof,
because it is not about probability theory):

Lemma 5.1. If the largest common divisor of positive integers ki, ..., k. s equal
to 1, then there exists an integer N such that every integer k > N can be represented as
the sum of our ki, ..., k. repeated, perhaps, several times: k = mq ki + ... +m, - k., where
my, ..., my, are nonnegative integers (in fact, we can take N = (k; — 1) - ... - (k, — 1)).

Now the same way as in the proof of Theorem 5.2’ we have that lim;_, .o p(™ %)
= P, lim; o0 p{"i k) = p for k > N. Using the equalities 1 = ZZ:BN TkpZ;_N_k, 1=

'_N '_N—k . .
Z;o rkp;l;, the same way as we used them with n; and n] instead of n; — N,

n; — N, we get the proof.

Theorem 5.3. If the state y 1is periodic with its largest period d, then pg;) =0 for
n not divisible by d, and limy_, o pé@k) =d/EyT,.

Proof. Introduce a new Markov chain én = &4n. Since &, can return to the state y
only after a time that is a multiple of d, the returning time 7, for our new chain is equal
to 7,/d; and the state y is aperiodic for our new chain (because d was the largest period).
Applying Theorem 5.2 to the chain &,, we get: limy_ oo pg(ﬁf,k) = limy_ ﬁgz) = 1/E,7,
=d/Ey,T,.



