MATH 777 MARKOV STOCHASTIC PROCESSES SPRING 2009
Lecture 7. More about discrete Markov chains.

Considering periodicity is simpler than the rest, because it doesn’t have anything to
do with the limits or infinite series. But first of all we solve the following problem:

- @SI;) = 0 for all k£ that are not multiples of d if and only if pyy = 0 for all n that
are not multiples of d.

We defined periodicity of a state through the first-return probabilities fég); this prob-

lem shows that we can define it through the transition probabilities péz).

Theorem 7.1. If one state y belonging to an equivalence class C; is periodic with
period d, then all other states of this class are periodic with period d; if one state s
aperiodic, then all other states of the same class are aperiodic too.

Proof. Suppose we can return from y to y only in a number of steps that is a
multiple of d; and suppose that we can return from x to x in a number of steps N that

is not a multiple of d. We can travel from y to x in K steps: p( ) > 0, and return

to y from x in M steps: pgcy) > (0. Then we can return from y to y in K + M steps:

pg(f?f*M) > py(fw() (M) > 0. As we assumed, K + M is a multiple of d. But we can also
return from y to the same point in K + N + M steps: first going from y to x in K steps,
then from x to x in N, and finally from x to y in M steps. But since N is not a multiple
of d, the sum K 4+ N + M also isn’t one. We get a contradiction, whose source is that we

supposed that x and y had different periods. So this is impossible.

Theorem 7.2. The states belonging to the same equivalence class C; are either all

transient, or all recurrent. If lim, péy) =0 for some y € C;, then lim, pgﬁc) =

for all states x from the same equivalence class C;. If the limit lim,, .~ p@(j;) =py > 0,

then lim,_. o péﬁ) = py for all = of the same equivalence class, and lim, pgw) = Dy

exists and is positive.

Proof. Let x ~ y. If we have p?(g) > 0, p% > 0, then for n > N + M we have:

pg(JZ) =Pl =y} >P{{n=2 6 =y} = p(N) pgfé N) = const - p(” N (7.1)
P > P {€nnr =, & =y} = pln ) plD = const - p{n M), (7.2)

(n) >

N n—N—M
o (N) . p( ).

> Dya’ * Pas (M) = const - p(” N=M) (7.3)

with positive constants. So if the series Y % péy) converges, so do the series Y pé’{),
S D 5,2), SN M pgm), which is equivalent to convergence of > 2 pg;), Yoo py(ﬁc),

and > 7, pgﬁ).
Also if lim,,_, o pz(Jy) = 0, also are equal to 0 the limits lim,, ., péy), lim,, oo pz(ﬂ), and

lim,, o pg;m) = 0; and if lim,, .~ p( ") > 0, the limit lim,, pg(m) cannot be equal to 0.
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Now suppose lim,, . pg(fz,) = p, > 0. Then the state y (and with it all other states x

in the equivalence class C;) cannot be transient, and it cannot be periodic. By Theorem 6.2

we have P,{1, < oo} =1, and by Theorem 6.1 we have lim,,_, p;(ry) = py.

Is our Markov chain, if we consider it on a recurrent aperiodic class C;, necessarily

ergodic? That is: do the limiting probabilities p, = lim, . p(my) form a probability

distribution: is }_ o py = 17

In the case of a finite Cy, yes: . o Py = 2 cc, liMn—oo pg’;;) = limy oo e, pg;,)
= lim, .1 = 1. In the case of (countably) infinite class, it is possible that p, =
lim,, oo p( M — 0 for all y € C; (as in the case of the simplest random walk — which
is, though, a periodic chain with period 2). But if all p, > 0, is their sum necessarily
equal to 1?7 can it be equal, say, to 2/3 or to 3/27

Theorem 7.3. For the limits p, = lim,_, pg;) (supposing these limits exist), we

have: 3 o py < 1.

Proof. Let us number the points of the class C;: x4, 2, ..., ;, ... (we don’t have to
consider the case of C; being finite). Let x( be a fixed state belonging to the class C; (xg
is equal to one of 1, x2, ..., z;, ...). We have:

m m

_ ; (n) _— (n) (n) _
Dope, =3 lim gl = ZP Dos tim Y=t (4
j= j= ye

> py= im pr <1 (7.5)

yel;

Theorem 7.4. For all y € C;

Z Pz Pzy = Py (7.6)

zeC;

(in matrix notations: p - P = p, where p is the row vector with components p,, y € Cj,
and P = (pgy)s, yec, 1S the one-step transition matrix restricted to the class C;).

Proof. Take a finite sum first:

m m m
prj Py = Znh_)ngopgg)% Py = nh_{réo Zpi’é)xj "Pazjy
j=1 Jj=1 Jj=1

(7.7)
. n _ (n+1) _
< Jim, ; PUe Pay = Jim pliy =py.
Taking m — oo, we get:
m
Z Pz - pa:y - n}gnoo me 'pxy S py- (78)
xeC; 7j=1



Now, suppose that a strict inequality holds in (7.8) for some y = yo:

Z Pz Payo < Pyo- (79)
zeC;

Let us take the sum of both sides in (7.8) over all y € C;. Since all left-hand sides are not
greater than the corresponding right-hand sides, and at least one is smaller, we have:

Z Z Dz * Pay < Z Dy- (710)

yeC,; xeC; yel;

Of course, when we see an iterated (a double) sum (and the summands are nonnegative),
we should reverse the order of summation:

Z Z Dz " Pzy < Z Dy- (7.11)

xeC; yel; yel;

The sum in the left-hand side is equal to

pr pryzsz'lzsz- (7.12)

zeC; yel; zeC; zeC;

So we get > cc, Pr < D ec, Py @ contradiction. Its source is our assuming (7.9); so it’s
impossible, and equality (7.6) holds for all y.

(n)

Theorem 7.5. If p, =lim,, .o pzy > 0, then EyGC’i py = 1: ergodicity.

Proof. By Theorem 7.4, we have p- P = p. Multiplying both parts by P on the
right, we get: p- P2 = p- P = p. Multiplying again and again by P, we get p- P" = p
for every m. In components, it is written as

> paply) = (7.13)
zeC;

Now we take n — oco. The z-th term of the sum converges to p, - p, as n — oo; but
does the sum converge to er()i Pz - py? (This is an infinite sum, and the limit passage

needs justification.) We are using the dominated-convergence theorem (remember, a sum

is a Lebesgue integral with respect to the counting measure #): the summands p, - péy)

are, for every n, dominated by the function p,, and }_ .o p. <1 by Theorem 7.3. So
we have
1 (n) _ ] (n) _ )
py = lim > peply)=>" Jim_p, - py, > pepy (7.14)
rzeC; zeC; zeC;
Since p, > 0, we can divide both sides by p, and get: Zmecz- Pz = 1.
For an aperiodic class C; with p, > 0, y € C;, we have:

1

=1 7.15
PIY it (7.15)



(n)

and lim,, oo pzy = py for every z ~ y.

What can we say about lim, . pg;,) for x o4 y? This means that either we can go
from y to x, but not back; or that x —— y, but we cannot go from y to x; or that we
can neither do from y to x, nor from z to y.

In the first and in the last case clearly p&Z) =0, lim,_ . pg;z) = 0; but the second
case is possible — if the state z is transient. In this case, as we know (Theorem 6.1),
lim,, o0 pﬁfé) = P,{7my, < o0} - py; but how to find P, {1, < c0}??

But it seems we have come closer to the end of our considering discrete Markov chains;
let me drop this question for the time being.

I want to say a couple of words about the periodic case.

In this case we can consider on the equivalence class C; the aperiodic Markov chain

én = £,,q With one-step transition matrix P = P% and ﬁS}) = pé@d). We saw (Theorem 5.3)
that lim, o pia? = 1/E,7, = d/E,7,, and p\yy) =0 for k not being multiples of d.
We can subdivide the equivalence class C; into d subclasses in the following way. We
introduce a new equivalence relation ~g: x ~4 y if we can go from x to y and from y
to x in some number of steps that is a multiple of d: x ~4 y if there exists an integer n
such that pgféd) > 0, and another integer m such that p?(];fd) > 0. For some zg € C; we
introduce the class of ~g-equivalence C;y C C; containing xg: Cijp = {z: = ~g z¢}.
Then we consider the subclass C;; consisting of all states z € C; such that the one-
step transition probability p,, > 0 for some x € C;5. We can reach a point z € (;; from
the point z( (and from every other point = € Cjg) only in number of steps n that has

the form n =1, or n=d+ 1, or n =2d+ 1, .... all n with remainder 1 after division
by d. Then we introduce C;s = {z € C;: pSC’;jL =0forn=2,d+2,2d+2,3d+2,...},
etc., and finally C; 41 = {2z € C;: p;(,fg)z =0 except for n=d—1,2d—1,3d—1,...}.

It is easy to check that C; = thol C;, that the subclasses C;; are disjoint for differ-
ent j, and that every x and y belonging to the same subclass are ~g-equivalent. If we
start from a state &y belonging to a subclass C;;, our next state &; is almost surely in the
subclass C; j+1 (if j #d—1; if j =d — 1, it is in the subclass Cj); the next state &, is

in Ci7j+2 or Ci,j—|—2—d§ etc.
(nd+m)

For = € Cjj, y € Ci, we have lim,,_ o pay = d/Eytq if m+ j — k is divisible
by d, and pchder) = 0 if it is not.

The sum Zyec‘ij d/E,T, =1, so Zyecij 1/E,m, =1/d, and ZyEC’i 1/Ey7, = 1.



