WYTHOFF’S SEQUENCE AND N-HEAP WYTHOFF’'S CONJECTURES

XINYU SUN

ABSTRACT. Define a Wythofl’s sequence as a sequence of pairs of integers {(A4,, Bpn) }nsng
such that there exists a finite set of integers T', A,, = mex({A;,B; :i <n}UT), B, — A, =
n, and {B,} NT = (. Structural properties and behaviors of Wythoff’s sequence are
investigated. The main result is that for such a sequence, there always exists an integer «
such that when n is large enough, |A,, — |n¢| — a| < 1, where ¢ = (1 4+ v/5)/2, the golden
section. The value of « can also be easily determined by a relatively small number of pairs
in the sequence. As a corollary, the two conjectures on the N-heap Wythoff’s game by
Fraenkel [3] on the N-heaped Wythoft’s game are proved to be equivalent.

1. INTRODUCTION

Wythoff’s pairs are pairs of integers {(|n¢|, |n¢?|)},>0, where throughout this paper,
¢ = (14 +/5)/2, is the golden section. The first few pairs are listed in the following table:

n 01234 5 6 7 8 9 10 11 12 13

A,=np] |01 3 46 8 9 11 12 14 16 17 19 21

B,=1[n¢*| |0 2 5 7 10 13 15 18 20 23 26 28 31 34
Wythoft’s pairs have close relationships with the Fibonacci numbers. For example, let us
consider the sequence Ay, By, Ap,, Bp,, A331> Bpg,, ... This is the Fibonacci sequence

without the first term. In fact, any such sequence starting from A, and B, is a Fibonacci
sequence generated by those two integers, as proved by Hoggatt and Hillman [8], Horadam [9],
and Silber [10]. Other properties, relationships and applications were investigated extensively
by numerous people, whom we are not going to list here.

Wythoft’s pairs were first found as the result of a mathematical game [12]: the game
consists of two piles of tokens. Two players alternate in removing any number of tokens from
a single pile: at least one, and up to the whole pile; or removing the same positive number
of tokens from both piles. The first player who cannot make a move loses. Wythoft’s pairs
can therefore be interpreted as {A,, By, }n>0, such that A, = mex{A4,,, B, : 0 <m <n}
and B, = A,, +n. Recall that for a set of non-negative integers S, mex(S) = min(Zso — 5)
is the Minimal FXclusive value of S, i.e., the least nonnegative integer that is not in the set
S. For example,

mex({0,1,2,4,7,8}) = 3.
1
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Note that Ay = By = 0. The winning strategies were described by Fraenkel [4], and also in
WW [2]. Periodic properties of the Sprague-Grundy function and other generalizations of
the game were also discussed. Please see the manuscript by Fraenkel [3] for the complete list
of the progress.

Another elegant generalization of the game involving more than two piles was proposed
by Fraenkel [3], which is also listed in the survey article by Guy and Nowakowski [6] as one
of the “unsolved problems in combinatorial games”: given N piles of tokens, whose sizes are
Al AN AL < ..o < AN A player can remove any number of tokens from a single pile,
or remove (aj, ..., ay) tokens from all piles — a; tokens from the i-th pile, providing that
0<a <A, sz\il a; >0,and a; & -+ @ ay = 0, where & is the nim addition (XOR binary
operation). Denote all the P-positions by (AY, ..., AN=2 AN=L ANY AN=2 < AN=1 < AN
and AN-! < AN +_11 for all n > 0. Two conjectures were presented on the game, when
Al AN=2 are fixed:

Congecture 1: There exists an integer N; such that when n > Ny, AY = AN=1 4

Congjecture 2: There exist integers Ny and v such that when n > Ny, AN = |n¢|+e,+as
and AY = AN=! 4 n where —1 < ¢, < 1.

Furthermore, AV~ = mex({AN"" AN : 0 <i <n} U T), where T is a small set of
integers.

Recall that P-positions of the original Wythoff’s game can be written as {|n¢|, |[n¢?]},
and observe that the winning strategy of the multiple-heap Wythoft’s game is also related
to the golden section. This generalization of the Wythoff’s game is by far the only one that
can do so. Doron Zeilberger and the author [11] proved the conjectures for the three-heap
game when the first heap has up to 10 tokens.

The structure of the paper follows.

e In Section 2 we are going to discuss the definition of Wythoft’s sequence and an
alternative way of constructing and verifying a Wythoff’s sequence in Theorem 2.2;

e In Section 3 we are to discuss some essential properties of Wythoft’s sequence. The-
orem 3.1 and its corollaries reveal that after some chaotic beginning, each Wythoft’s
sequence is well organized.

e In Section 4 we prove the equivalency of the two kinds of Wythoff’s sequence in
Theorem 4.1 and its implication on Fraenkel’s conjectures on N-heap Wythoft’s game.
In fact, as shown in Corollary 4.6, The first conjecture implies the second. We further
analyze the behavior of a+ ¢, as defined in Conjecture 2 in the section, and conclude
in Theorem 4.7 that « is an intrinsic property of a Wythoft’s sequence that can be
evaluated with a small set of data, instead of using limit as implied in the conjecture.
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2. WYTHOFF’S SEQUENCE

Definition 1. We call a sequence of pairs of integers {(A,, Bn) }n>n, @ Wythoff’s sequence
if ng > 0 and there exists a finite set of integers T" such that A, = mex({4;, B; : ng < i <
n}UT), B,=A,+nand {B,} NT = 0.

Definition 2. A special Wythoff’s sequence is a Wythoff’s sequence such that there exist
integers N and « such that when n > N, A, = [n¢] + a + €,, where ¢, € {0, £1}.

Lemma 2.1. For a Wythoff’s sequence {(A., Bn) }n>no, let N be an integer such that when
n> N, A, > max(T), where T is given in Definition 1. Then

(1) 1< Apy — A, <2,

(2) 2< By41— B, <3, and

(3) if Apy1 — Ap =1, then Appo — Ay = Ay — Ay = 2,
(4) [lme] — [n2d] — (m —n2)é| < 1.

Proof. The proof appears in [11]. For completeness of the paper, we provide it here too.

First since T is finite, the integer N definitely exists. Secondly, since A,, is defined using
the mex function, each A, is the smallest available in Z>q — T — {4;, Bi|i < n}. So {A,}
is an increasing sequence. At the same time, B, = A, + n must be increasing with n too.
Thirdly, if an integer is not in Z>o — 7' — {B,}, it eventually must be in {A,}, i.e., any
nonnegative integer not in 7" must be either an A or B.

(1) If Ay — A, > 2, since A, + 1 and A,, + 2 are not A’s, they must be B’s. In
other words, there exist distinct integers m, and ms such that B,,, = A, + 1 and
B, = An + 2. Therefore A,,, — A,,, = ms —my — 1. Since {A,,} is increasing, the
two sides of the last equation cannot have the same signs. A contradiction.

(2) For each n, B,11 — B, = (Ay41 +n+ 1) — (A, +n). Hence item 2 follows.

(3) If Ao — A1 = A1 — A = 1, let m be the largest such that B,, < A,. Then
Byi1 — By, > 3, which is contradictory to item 2. The other half of item 3 can be
proved similarly.

(4) =1 < [mo] —ni¢ < [mo] — [n2d] — (n1 — n2)p < —[n2d] +n2¢ < 1.
0

From now on, we always assume ng is an integer such that the above Lemma is satisfied for
all n > ngy. Otherwise, we can always remove a few pairs of the sequence at the beginning.

The above definitions only provide ways to verify a given sequence is a Wythoft’s sequence
or a special Wythoft’s sequence. The following theorem provides a way to create a Wythoft’s
sequence.



4 XINYU SUN

Theorem 2.2. Given two finite sets of integers Sy and Sy C Z>q, define a sequence {A,, B,}
such that

(2.1) Ay = mex({A;, Bi}icn U S1),

(2.2) B, = mex({4;,Bi}ichn US1U{A,+m :me Sy orm e {B; — A;}icn}),

then eventually {(A,, B,)} will be a Wythoff’s sequence. Conversely, given a Wythoff’s
sequence there exist two finite sets S1 and Sy that satisfy the conditions above.

Proof. If we have finite sets S; and S5 that satisfy 2.1 and 2.2, we want to prove that
eventually B,y — A,.1 = B, — A, +1 and T = §;, where T is given in Definition 1.
After chopping off some pairs at the beginning and reorganizing the indices, the sequence
{(A,, B,)} will be a Wythoff’s sequence.

Since both A,, and B,, are defined using the mex function, we can tell that each A, is the
smallest number available that is not in S; and not a previously found A or B. Similarly
each B, is the smallest available number such that it is not in S;, not a previous A or B.
At the mean time B, — A,, cannot be in Sy or {B; — A;}i<n.

Thus we know that
’{An}nzﬂ N {Bn}nzo‘ < 1,
where the equal sign can hold if and only if 0 & Sy;

B, > Ay;

{An}nz0 U{Bn}n>0 = Z>o — 51,
since A,, is always the smallest number available, any nonnegative integer not in S; must be
in either {A,} or {B,}; and

{Bn — Autnzo N Sy = 0.
Furthermore
A, # A, B, # B,, and B,, — A, # B, — A,

for any m # n. So

T=Zsy—{B;,A;: 1 >0} =54,
which is finite.

Since no two A, ’s are the same and S is finite, eventually A,, will be greater than max(S).
Similarly B, — A, will eventually be greater than max(Ss), i.e., there exists Ny such that
when n > Ny, B, > A, > max(S;) and B, — A,, > max(Sy). By the definition of A,,, which
is always the smallest number available, {A,} is increasing with n. Here we are not saying
{B,, — A, } is increasing with n, although the result of the theorem clearly indicates they will
be.
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Define o, = max{B; —A; ;i <n}+land D, ={i:0<i<a,}—Se—{B;—A; :i <n}.
For any n > N,
(2.3) B, — A,
mex({A;, Biticn US1U{A, +m:m € Syorm € {B; — A;j}icn}) — An
mex({{A; — A, Bi — Ap}icn U{m:m € Sy or m € {B; — Ai }icn} } N Z>p)
max({B; — Ap}ticn U{m :m € Sy orm € {B; — A; };icn}) +1
max({B; — A;i}icn U{m :m € {B; — A;}icn}) +1
max{B; — A;:i<n}+1

Q.

IA A

It is also clear that a,, < ay,41. Now consider the following:

If B, — A, < a,, then B, — A,, € D,, by the definition of D,,;

If B, — A, € D,, then B, — A,, < s, S0 11 = Qip;

If a1 = au, then {B, — A} < apy1 = ay, hence D,, = D, U{B,, — A, };
If D, = Dy U{B, — A}, then {B,, — A,} € D,, therefore B, — A, < a,.

Comparing the first and the last of the above arguments, we know that all of the conditions
are equivalent. Similarly,

B,—A,=a,ift a1 =a,+1;iff D,y =D,.

By 2.3, B,— A, < a,,so D,y C D, as proved in either of the two cases above. Now that
D, 1 C D,, C Dy, are all finite, there exists N > Nj such that for any n > N, D,, = D, 41,
thus Bn+1 — An+1 = Opy1 = Qp +1= Bn — An + 1.

Conversely, if {(A,, By,)} is a Wythofl’s sequence, we can define Sy = Z>q—{A;, B; : i > 0}
and Sy = Zso — {B; — A; : i > 0}, which are both finite by the definition of the Wythoft’s

sequence. ]
Corollary 2.3. Given {(An, By)}n>0, S1 and Sy as in Theorem 2.2, we have

Proof. First observe that Sy C Z>o — {B; — A; : i > 0} by the definition of B,,. Secondly
if there exists d € Z>o — {B; — A; : i > 0} — Sy, we know B,, # A,, + d for all n. Choose
N large enough so that B; — A; > d for all ¢ > N. Since for any n > N, (A,, A, +d) ¢
{(A;, B;) : i > 0}. The only reasons that this can happen are:

o A,+d € {A;}o<i<n, but this is impossible because {4; }o<i<, is an increasing sequence;
e B, — A, = d for some i < n, but this is impossible because of our assumption on d;
e there exists an m such that B,, = A,, + d, and this is the only possibility.

Therefore for any n > N, there exist m; and my such that A, 1 — A, = B,,, — Bp,. By
Lemma 2.1, A1 —A,=2=B,,, —Bp,, thus B,.1 — B, = A,;1—A,+1=3foralln > N.
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nl|A, B, B,—A,| nl|A, B, B,—A,| n|A, B, B,—A,
1 1 0 14119 33 14 24135 59 24
3 5 2 15121 36 15 25|37 62 25
6 12 6 16| 22 38 16 26| 39 65 26
8 9 1 17124 41 17 27| 40 67 27
11 15 4 18| 25 43 18 28 | 42 70 28
13 20 7 1926 45 19 29| 44 73 29
14 23 9 20| 28 48 20 30| 46 76 30
11]16 27 11 21130 51 21 31|47 78 31
12117 29 12 22|32 54 22 32149 81 32
1318 31 13 23| 34 57 23 33|50 83 33

TABLE 1. Example of Theorem 2.2

If this is true, As, — A, = 2(3n—n) = 4n, while By, — A,, = By,,— B,+n =3(2n—n)+n = 4.
So As, = By, for all n > N, which is contradictory to the fact that |[{A,} N {B,}| <1 as
discussed in the proof of Theorem 2.2. 0

Example 1. Let S; = {0,2,4,7,10}, So = {3,5,8,10} and define {A,, B,} as in The-
orem 2.2. The first 30 pairs are shown in Table 1. We can convince ourselves that the
sequence becomes a Wythoff’s sequence starting from the 8-th pair, and the set of numbers
not in {B, — A,} is Sz. After chopping off the first 7 pairs and reorganize the indices, we
can make n = B, — A,,.

So even though we can start with two random finite sets of integers S; and S5, and define
{A,, B,,} as in Theorem 2.2, after some chaotic data at the beginning, the sequence defined
using mex will eventually grow in an orderly manner, and become a Wythoff’s sequence.

3. PROPERTIES OF WYTHOFF’S SEQUENCE
In this section, we are going to explore some basic properties of Wythoft’s sequence by
(literally) counting the numbers.
Theorem 3.1. For any Wythoff’s sequence {(An, Bn) }n>n,, there exist constants N and c,
such that when n > N, Ax,+c =B, —1 and A, 1. = Ba,+c+1=A,+ B, +c.

Proof. By Lemma 2.1, the difference between any two consecutive B’s is at least 2, and any
integer must be either an A, B or T. Choose N so that when n > N — 1, any integer falls
in between two B’s is in A. Therefore there exists kg such that Ay, = By — 1.

Counting all the integers from 1 to By — 1, we have
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® (k’o —Nng + 1) A’S, i.e., Ano, e ;Ak‘o;

e (N —ng) B’s, ie., By,,...Bn_1; and

o |T| T’s,
which indicates By — 1 = kg —ng+ 1+ N —ng + |T|. Letting
(31) c = ]{ZO—AN,
we have

(32) |T‘:BN—1—/€0+n0—1—N+n0:AN+2n0—k0—2:2n0—2—C

Similarly for any n > ng, there exists Ay = B, — 1. Counting all the integers from 1 to
B,,, we have

o (k—ng+1) A's,ie., Ay, ..., Ag,
e (n—mng+1) B’s,ie., By,,...,B,, and
o |T| T,

soB,=k—nog+14+n—nog+1+|T| =k+n—c, hence k = B,, —n+c= A, +c. Therefore

Counting all the integers from 1 to By, 4., we have

o (A, +c—no+1) B’s,ie., By,y,...,Ba,+c, and
o || T,

so there are (Ba,yc—An—c+no—1—|T|) = (Aa,1c+no—1—|T|) A’s. The largest of these is
A = Ba,+.—1. Since the indices start from ng, &’ must be (A4, c+no—1—|T|)+(ng—1) =
B,—1+2ny—2—(2ny—2—c¢) = B, +c¢— 1. By Lemma 2.1 and the previous result,
ABT,,—i-c = Ak’+1 = BAn—i-c +1= AAT,,+c + An +c+1= An + Bn + c. O

Corollary 3.2. Given a Wythoff’s sequence {(Ay, Bn) }n>n, and ¢ as define in 3.1, we have

Adpvert — Aapre =25

(1)

(2) ABpter1 — ABpye =15
(3) Ba,t+er1 — Bapqe = 3;
(4) Bp,+ct1 — Bpoe = 2.

Proof. Apici1 — Amye = 2 iff there exists n, such that B, = Apici1 — 1 = Apye + 15 iff
Amie = Aa,+e, by Theorem 3.1; iff m = A,,.

Since all of the above conditions are equivalent, and by Lemma 2.1, Ap .11 — Ap, 1. can
only be 1.

Therefore BAn+C+1 — BAn-i-C = (AAn+C+1 + An +c+ 1) - (AAn+C + An + C) = 3, and
Bp,yet1 — Bp,ie = (AByter1 + Bn +c+ 1) — (A, e+ By +¢) = 2. O
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Notice that if there exist m; > ms > ng such that A,,, > B,,, and {(A4,, B,) : ma <
n < my} are given, we can construct the rest of the sequence for m > m; without using the
definition of the Wythoft’s sequence, i.e., mex. There are two ways of doing so recursively:

(1) For any m > my, by Theorem 3.1, if m — ¢ is of the form A, A, = As_ 4. =
B, —1=A,,+m'—1and B,, = A,, + m = m + B,y — 1; otherwise, m — ¢ = B,,,
Am =Ap ,4e=Ap + By +¢c= Ay +mand B, = Ay +m = By +2m —m’.

(2) Suppose A,, is known. If m — ¢ is in the A’s, by Corollary 3.2, A1 = A, + 2
and B,,,+1 = By, + 3; otherwise, A,,,1 = A,, + 1 and B,,;1 = B,, + 2. Here we can
see that the two sequences are self-generating, i.e., we can construct the sequence of
either { A, }n>my O {Bn}n>m, without any knowledge of the other.

Corollary 3.3. Given a Wythoff’s sequence {(A,, By) }n>ny, we have the following:

(1) for any n > A,,, the number of A’s less than n is A,ye —n —ng+ 1;
(2) for any n > B,,, the number of B’s less than n is 2n — A, 1.+ ¢ — ng.

Proof. Let f(n) = Appe —n —no + 1. We claim that f(n) is the number of A’s less than n.
First f(An,) = Adpyre — Ang —no+1= By, — Ayy —ng = 0, which is the number of A’s less
than A,,,. By induction, if the claim is true for n — 1, there are two cases:

e if n—1 = B,,, the number of A’s less than n should be the same as that of n —1. By
Corollary 3.2, f(n) = A, 114c— (Bm+1)—no+1=Ap, +c—Bn—no+1= f(n—1);
eif n —1 = A, the number of A’s less than n should be one plus that of n — 1.
Meanwhile f(n) = Aa,,+14¢c— (An+1)—no+1= A4, 1c+2—Ap—no= f(n—1)+1.

So the claim is proved.

On the other hand, if we write g(n) = 2n— A,+.+c—ng, we claim that g(n) is the number
of B’s less than n. Like the proof above, we only need to prove the following:

® g(Bn,) = 2B, — Ap, e+ ¢—ng = 2By, — Ap, — Byy —c+c—ng = 0;
eifn—1=RB,,9(n)=2n—Ag, 11.c—no=2n—Ap, c—1—ng=gn—1)+1;
eifn—1=A,,9n)=2n—As, y11c—no=2n—Au, 1c—2—n9=g(n—1).

Thus the proof is completed. O

Example 2. Let us examine the Wythoff’s sequence shown in Example 1. Since the sequence
starts with index 11, no = 11, A,,, = 16, B,, = 27, and A9 = 26 = B,,,—1 = AAnO+C = Aigic
by Theorem 3.1, so ¢ = 3. We can also easily check that when n =11, Ap .= A3g = 46 =
Big+1=Bj, 1.+ 1= A,+ B, +c. The two corollaries can also be verified with small n’s.

Example 3. A special case of the theorem and corollaries is when the Wythoft’s sequence
is the original Wythoff’s pairs. In such an occasion, ng = 0 and ¢ = 0, which were proved
by Hoggatt, Hillman [8], Hoggatt, Bicknell-Johnson [7], and Silber [10].
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4. SPECIAL WYTHOFF’S SEQUENCE AND N-HEAP WYTHOFF’S CONJECTURES

Throughout this section we use Wythoff’s sequence {(A,, By)}n>n, and ¢ as in 3.1. Note
that when n is large enough, it must be of the form Ay, , Ap, , Ba,,, or Bp, . Since for
any m there exist m; and mgy such that A,, = B,,, + 1 or B,,, — 1, and B,, = 4,,, + 1
by Lemma 2.1, n must be of also the form By, ..., + ¢+ €, where ¢; € {—1,0,1} and
e € {0, 1}, although the representation may not be unique.

Theorem 4.1. Every Wythoff’s sequence is special.

Proof. Let v, = A,, — |n¢]. By definition, we only need to prove that if m and n are large
enough, |, — a,| is at most 2.

By Lemma 4.4 below, we know «,, is bounded, say, by M.
Define a function A(n) = Ba,+cr1 + ¢+ 1.

For integers m,n > A?~1(n,), we can construct two sequences ay,...,a, and by, ..., b,
such that & > 2M — 1, a, = m, by = n, A,y < min(ay,b1) < Ba, 4es1 + ¢+ 1, and

h + efjf, b; =B @ + el(,il), where 1 < 1 < k, efjf,eg? € {0,£1}, and
2

_B
a; A Ap, _, teteps

e((fg), el(fQ) € {0,1}. By Corollary 4.3 below, we know |a,, — ap,| < max(|ag, , — ap,_,| — 1,2).
Hence

a;_1 -i-c—i—egl

|ty —
= |aak - abk’
< max(laal - ab1| - (k - 1)72)
< max(2M — (2M —2),2)

2.

Now all we need to do is to prove the following lemmas and corollary.

Lemma 4.2. If =1 < ¢€,,1,6,1 <1 and 0 < €,9,€,0 < 1, we have

XBapytetegtctemt = OBa, fope, o tetens = _(am - O‘n)(2¢ - 3) + &,

with €] < 2.

Furthermore & = &, — &,, where &,, depends only on m, my and mo, while &, depends only
on n, ny and ny. ‘5m’7 ‘€n| <L
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Proof. By Corollary 3.2, Ap i1 — A, ye—¢=1—¢and A, 11— Ap,1c+0¢=—-2+ ¢,
S0 A, tere — Ap,1c — ¢€ = (3¢ — 2¢¢ — €%)/2 when |¢| < 1. Therefore if we write

Y = (ABptcten = ABpte — 9m) — (AB,teten — ABute — P€n),
we have
Y = |(em — ) (3 =20 — € —€,) /2] < P — 1,
when |e,,], |€,] < 1. Also note that Aa, 1cre — Aa, e = 2¢, when € € {0, 1}.

Define
Bi = [(Bapterems T ¢+ m1)0) = [(Ba,teren + ¢+ €n1)o)
_((BAm+C+€m2 +c+ €m1)¢ - (BAn+c+en2 +c+ €n1)¢)
and
Bo = |m¢| — |ng] — (m—n)o.
By Lemma 4.4, we know
1B1l, [B2] < 1.
Now if €1, €,1 € {—1,0,1} and €2, €40 € {0, 1},

OB ayytetematetemt — XBayqete,ytetent
- ABAm+c+em2+C+€m1 - ABAn+c+en2+c+en1
~(L(Bantetens T ¢+ €m1)o] = [(Baterens T ¢+ €n1)d))
= ABypicrepyterem = ABayicrenytetem
—((Bantetems = Baptetens)® + (€m1 — €a1)d + S1)
ABayiere ste = ABayvre sre TV = (Bantetens — Baytetren)® — B
= Adptetrens — Adpreren T (Banteten — Banteres)(1 —0) +7 = B
= (Adptetrens — Adpterenn) 2= 0) + (A — An t €2 —en2) (1 —¢) +7 — B
= (Aare = Aste + 2(Em2 — €2))(2 = @) + (A — An + €m2 — €n2)(1 — ) +7 — b
= (Aapte = Aa) (2= @) + (A — An)(1 — @) + (Em2 — €n2) (5 = 39) +7 — A

(B — Ba)(2 = @) + (A — An)(1 = &) + (€m2 — €32)(5 = 30) + v —
= (An —43)(3=2¢) + (m —n)(2 = &) + (emz — €n2)(5 = 3¢) +7 — b
= (Imo] + an — [n¢] — an)(3 = 2¢) + (m —n)(2 = @) + (€m2 — €n2) (5 — 3¢) +7 — b
((m —n)¢ + fo + (am — n))(3 = 2¢) + (m —n)(2 — ¢)

+(em2 — €n2)(5 = 3¢) +7 — B

= —(om —on)(20 = 3) = £2(2¢ — 3) + (€m2 — €n2) (5 — 30) + 7 — fu.
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Let £ = —35(2¢ — 3) + (€m2 — €2)(5 — 3¢) + v — 1, then
€]
< |B2|(20 = 3) + |ema — €n2|(5 — 30) + || + |51]
< (20-3)+(-30)+d—1+1

= 2
Define
En = —([mo] —mo)(2¢ = 3) + €ma(5 = 3¢) + €m(3 — 20)/2 — €, /2
—([(Baptetems T €+ €m1)0] — Bateren);
fn = —(LTLM - n¢)(2¢ - 3) + €n2(5 - 3¢) + En(3 - 2¢)/2 - 631/2

_(L(BAn+C+€n2 +c+ Enl)(bj - BAn+c+en2)'

Then & = &, —&,, and |&,,], |&| < (20—3)+(5—3¢)+(2¢0—3)/2+1/2 = 1. which completes
the proof. 0

Corollary 4.3. @B, ... tetems = OBayiere,,teten| < Max(lay, — oyl —1,2), when —1 <
€m1; €nl S 1 and 0 S €m2; €n2 S ]—7

Proof. By Lemma 4.2, [0, .\ tetems = OBa,pereyteten| < [0m — anl(2¢0 —3) + 2.

Since «, is always an integer,

|aBAm+c+em2+C+5m1 T OBy, feqe,ptctent
Lam — an|(2¢ — 3) + 2]

<
< max(|ay, —a,| —1,2).

Lemma 4.4. «, is bounded for all n.

Proof. As we discussed at the beginning of the section, any n > Ba, . can be written as

Ba, tcte, + ¢+ €1, where ¢g € {—1,0,1} and e; € {0,1}. So for any n large enough, we
can construct a sequence ay, ..., a; such that ay =n; a; = B, epli-n T CF 6(11_1)
i— €o

Apy <a1 < Bap, qjer1+c+1, where ¢V ¢ —-1,0,1 and &7V ¢ 0,1} for 1 <i < k.
0 n0++ 1 2

,; and

Using the same notation as in Lemma 4.2, we know

Qq; — Qg;_y = (aai—l - aai—Z)(S - 2¢) + gz - gi—lv
where &; is determined solely by the values of 1.

Define §; = 2220(3 —2¢)7, it is easy to see that 6y = 1, |6;| < 1 and §; = 1 + (3 —2¢)d;_1.
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Now ay,
= Qq + Z?:2(O‘ai — Q)
= oy + (Ao, — Q) (3=20) + & — &1 + 205 (a0, — )
= Qo + (& — &-1)00 + (Qay, — Ay ,)01 + 3o (Qay — Oy ,)
= Qq, + (§k — &—1)00 + (k-1 — §k—2)01

k—3
+(Oéak72 - aak73>52 + Zizz (aai - O‘aiq)

= Qg + Zf:?, (él - gifl)(sk*i + (aaz + aa1)5k72-

Since A,, <a; < B Angtet1 +C+ 1, there are only finitely many choices of ay, so the first
term in the last equation is bounded. Likewise, the third term is also bounded. So we only
have to inspect the second term.

|8 (& — Eim1)dhi]
= ’ Zf:;g Eilk—i — Zf:g 5i715k7i|
S &bk — Sy &l
= |0 &(0kei — Okmic1) + &b — &a0k—s]

< | 25;31 Ei(Or—s — Op—i1)| + [€xbo| + |E26r_s] which completes the proof.
= X5 EB - 20 +1+1

< Y lalB - 20+ 141

< YEolB=2¢"+1+1

< 4

Y

Using the same method, we can investigate the behavior of the sequence {y, fm>n,:
Let O3 = ([Amd] = [An¢]) = (A — An)¢, and [y = (|m¢] — [nd]) — (m —n)¢.
A, — 04,
= Aa, = Aa, = ([Ang] = [And])
= Bpn = By — (Apn = An)¢ — G5
= (An—A)A—9¢)+(m—n)— G
= (Imo] = [nd] + am —an)(1 = ¢) + (m —n) = B3
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= ((m—=n)p+Bi+ am—an)(l—9¢)+ (m—n) - B
= —(am—an)(@—1) =B —Bilp—1).

From the proof of Lemma 4.4, we can see that when |a,, — a,| > 3, (a,, — aa,) and
(ym — av,) always have different signs. ([ (m+1)¢| — |me])| < 1, Let us consider a(m) = ay,
as a function. The graph of the function is a set of discrete points that oscillate. The
amplitude of graph, if we are allowed to abuse the word, decreases slowly but persistently
as m grows. By Theorem 4.1, the amplitude eventually decreases to 1, when the oscillation
of the graph becomes somewhat unpredictable.

Lemma 4.5. In the two conjectures on the N-heap Wythoff’s game,

(4.1) AN = mex({AN1 AN s 0<i<n} U T),

n

where T is a finite set depending only on A',... , AN=2. In fact, T = {a : 3b and k, such
that AF=1 < b < AF and (AY, ... AP b Ak AN=2Z

a) is a P-position}.

Proof. By definition, T' = Zsq — {AN "', AN : i > 0}. Write 7" as the last set in the lemma,
and we claim 7' =T".

First to prove 7" C T, we want to show that for any a € T", (A',..., AV"2 a,b) is an
N-position for all b > AV=2. This is true because by the definition of 7", we can always
remove tokens from the last pile to create a P-position.

Secondly, given a € T, (Al,..., AN=2 a,b) is an N-position for any b > a by the definition
of T'. There are several kind of moves from this position to find a P-position:

(1) Remove ay,...,ay tokens from all corresponding piles, where a; @ --- @ ay = 0, so
that (A' —ay,...,AN"2 —an_9,a —an_1,b— ay) is a P-position.

(2) Remove a;, < AF tokens from the k-th pile, so that (A, ..., A¥=1 A% — q,
AL AN=2 g, b) is a P-position;

(3) Remove ay_; < a tokens from the (N —1)-th pile, so that (A*,..., AN"2 a—ay_1,b)
is a P-position;

(4) Remove ay < b tokens from the N-th pile, so that (A,..., AN"2 a,b — ay) is a
P-position;

There are only finitely many possible moves using the first three kinds of moves, but there
are infinitely many choices of b. So there are cases for the fourth kind of move, i.e., there
exists an integer by, by such that (Al,..., AN=2 a,b; — by) is a P-position. Again by the
definition of T', we must have b, — by < AN~2. Otherwise, a € {AV~'}. Therefore a € T",
thus T C T".
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Since there are only finitely many choices of b = by — by (3°~*(A? + 1) to be exact), and
each choices of b can yield at most one corresponding a as in the definition of 77, T" = T’
must be finite.

To prove equation 4.1, let @ = mex({AN"1 AN : 0<i<n} U T). AN~! > a because
a is the smallest integer available. Supposedly AN~! # g, since we assume AN ' < AN™!
for all 4, so a did not appear in {AN"'},_, and can no longer appear in {AY"};5,, thus a
cannot be in {AY"}. Similarly since we also assume AN ' < AN for all 4, a cannot be in
{ANY either. Therefore a € Zso — {AN"', AN : 0<i < n} =T, but this is contrary to the
definition of a. U

Corollary 4.6. The first of Fraenkel’s two conjectures on the N -heap Wythoff’s game implies
the second.

Proof. Conjecture 1, together with the previous lemma, states that the P-positions for any
given m form a Wythoft’s sequence, while Conjecture 2 states that it satisfies some properties
of a special Wythoff’s sequence. The result follows directly from Theorem 4.1. O

Theorem 4.7. Given a Wythoff’s sequence {(An, Bn)}nsn, and « are as in Definition 2,
a=—c.

Proof. Let 05 = |(An + ¢)¢| — (A, + ¢)¢ and g = |n¢| — ng. Then
A,+n—1=B,—1=As,1c=[(An+ )P +ta+ea,1c=And+co+a+ e, 1o+ Fs.

So
€apicet s =A,(1—9¢)—14+n—cp—a
=mo+a+e,+0)(1—¢)+n—cp—a—1
= —(c+a)p+ (e + B6)(1 — ¢) — 1,
hence
—(c+a)p =earet B+ (en+P6)(0—1)+ 1.

Note that the left-hand side of the last equation does not depend on the choice of n, while
the right-hand side does. Since both ¢ and « are integers, the theorem is proved if we can
make the right choice of n so that the absolute value of the right-hand side is less than ¢.
Because —1 < 5, Bg < 0, we have

(4.2) €apreten(d—1)+1—¢ <—(c+a)p <ea,rct+en(p—1)+ 1
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We also know that €4, 4,6, € {0,£1}, therefore the proof is completed if we can find an
integer N such that

(4.3) €Ay+c =0; or
(4.4) ey =0and eq4. € {0,—1}; or
(4.5) ey =—1and eq, 4. € {0,1}.

The reader can easily check that in any of the conditions above, the absolute value of either
end of the inequality 4.2 is at most ¢.

First we can assume ¢, is not a constant, otherwise we can adjust the value of o so
that ¢, is always 0. That will satisfy condition 4.3 automatically. Secondly, notice that
—-1=1-2< (A4, — A1) — (Ing] — [(n—1)¢]) < 2—-1 = 1. Since |e,|] < 1 and
len —€n1] = |(An — Ap_1) — ([nd] — | (n—1)¢])| < 1, there always exists an n large enough
so that ¢, = 0. By the condition 4.4 above, we only have to consider the case when
(4.6) €, =0 and ey, 1= 1.

From now on, we always assume n is large enough.

There are two possibilities for A,, — A,,_1:

If A, = A,_1 + 1, by Corollary 3.2, there exist m such that n = B,, + 1 + ¢; and by
Lemma 2.1, there exists m' such that B,, +1 = A,,. Therefore, €4 ,4. = €, = 0, which
proves the theorem by choosing N = m’ and using condition 4.3.

If A, = A, 1 + 2, then

(4.7) 35 [(An+0)0) = [(An-1 + )] <4
There also exists m such that A, 1 +1=B,, = A, +c+ 1, ie,
(4.8) n—1=A4, +c

Furthermore A4,+c — Aa,_1+e = (A, t14¢ — Appte) + (AByte — Ap,—14¢) = 3 by Corol-
lary 3.2, which means |[(A, + ¢)¢| — [(An—1 + ¢)¢] + €a,+c — €4, ,+c = 3. Because of the
fact that |e4, ,1.] <1 and the ones listed in 4.6 and 4.7,

(A, +)p] — [(An—1 +¢)¢] =3 and €4, ,4+c = 1.
Since 2 = A,, — A1 = [n¢] — |(n —1)¢| — €,_1, we have

e cither [n¢| — |[(n—1)¢] =1 and ¢, 1 = —1,
e or [ng] —|(n—1)¢] =2and ¢, =0.

In the former case we can prove the theorem by choosing N = n — 1 and using condition 4.5
because €,_1 = —1 and €4, ,4. = 1; while in the latter case €4,,y. = €,-1 = 0, so we can
choose N = m and use condition 4.3.

Thus we have completed the proof. O
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Theorem 3.1, together with the comments at the end of the Section 3, indicates that any
Wythoft’s sequence is “shifted” Wythoff’s pairs. It also maintains the relationship with the
golden section with another “shift” a and some “controlled error” e. Theorem 4.7 tells us
the values of the two shifts are in fact the same.

Example 4. Given any integer a, consider the sequence {(4,, = |n¢|+a, B, = |né|+n+a)},
with n large enough. Since it is created from the Wythoff’s pairs with a simple shift a, the
sequence is a special Wythoff’s sequence with & = a and ¢, = 0. At the mean time,
Apma = Alng) = [[n0]0] +a = [n¢] +n —1+4+a = B, — 1, where the equation in the
middle can be derived from the fact that the constant ¢ for the Wythoft’s pairs is 0, or from
[1]. Similarly, A, —a = Ajpgj4n = [([n¢] +n)¢] +a =2|n¢] +n+a= A, + B, —a. So
the constant ¢ for the sequence is —a = —a.

Example 5. Let us go back to the Wythoff’s sequence shown in Example 1. After the 8-th
pair, we can find out that a,, = A,, — |n¢] ranges from —2 to —4, so a = -3 = —c.

The implication of Theorem 4.7 follows. To determine the value of o for any Wythoff’s
sequence, especially those constructed using the method in Theorem 2.2, we usually need to
calculate a large number of pairs as required. However based on Theorem 4.7, we only need
the pairs at the beginning of the sequence. As shown in the proof of Theorem 3.1, all we
need to know is the integer k such that Ay = B,,, — 1, which is to find all the A’s less than
By,. So by using the notation in the proof of Corollary 3.3, f(Bn,) = A, +c— Bny—no+1 =
Ay —no+1+4c = B,,—2n¢+1+c, therefore it only requires the values of roughly B,,, —2no+1
pairs of integers.

,9,10,11, 12,16, 18, 22,24, 25, 50, 52, 55, 69, 80, 86,
90,94,101, 103,104} and Sy = {0,1,2,3,4,5,6,8,12,14,19,22,35,44,45,46,51,54,56} as in
Theorem 2.2, the result follows:

e Starting from the 50-th pair, the result becomes a Wythoft’s sequence;

e Starting from the 470-th pair, «,, stabilizes within the range of [—7, —9];

e However, based on Theorem 3.1 and Theorem 4.7, we only need to calculate up to
64 pairs to know ¢, and thus «a.

The exact list of the sequence is omitted.
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