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1. Introduction

From the vapor cone forming around airplanes flying at around
the speed of sound [14], through geologic environments including
the CO, sequestration [1], geothermal energy development, gey-
sers, and volcano eruptions [12,20], design of viscous flow nozzles
[2,5,11], projectile and airfoil flights [7,8,23,24], to traveling wave
[3,17] and self-similar numerical solutions in MHD and unsteady
gravitational fields [6,15,19], the transonic phenomena and their
mathematical analysis attracted a wide interest in the last three
decades. In particular, [2] reports that shockless transitions from
supersonic to subsonic flow are indeed possible both numerically
and theoretically. While single supersonic-to-subsonic or subsonic-
to-supersonic transitions (crossings) are quite well recorded in
many engineering and science areas, the cases of multiple such
transitions in the same system or experiment (or a mathemati-
cal model) are rather scarce, particularly in the context of smooth
transitions. Two fundamental questions arise:

e Can such smooth transonic flows (being solutions of differen-
tial equation models) happen two or more times in the case
of one trajectory?

* Corresponding author.
E-mail address: tamdeber@tulane.edu (T. Amdeberhan).

https://doi.org/10.1016/j.physleta.2023.128896
0375-9601/© 2023 Elsevier B.V. All rights reserved.

o What mathematical tools describe properties of such multiple
crossings?

This paper illustrates the fact that the transonic solutions in
general, and multiple ones in particular, can be characterized in
terms of the singularity induced bifurcation (SIB) of differential-
algebraic equations (DAEs), sometimes called implicit or singular
ODEs. Those concepts are based on the linear matrix pencils,
their indices, and divergence of eigenvalues through infinity. After
decades of developing such intriguing utilities, these instruments
are not exhausted. So, we aim at concrete applications here (hop-
ing to elucidate the versatility of tools from DAEs) and provide
relevant pointers to the more abstract approaches. This paper links
the SIB phenomenon [17,18] with the transonic flow in unsteady
self-similar gravitational flows [21]. Two implicit ODE models from
[6] are used to describe the SIB phenomenon and its properties in
the self-similar transonic flow in gravitational fields around a cen-
tral mass.

Basics: a regular dynamical system might be given by g—f =
f(x), xe R", while singular systems have the form A(x) - Z—’[‘ =fx)
where the matrix A can be singular on its degeneracy/singular-
ity set {x:detA(x) = 0}. A prototypical degeneracy is that near
the singular points, the speed |%| can be infinitely large. This
is evident from the simple-minded example x - % =1, xeR,
which is singular at x* = 0. The point x* marks the sign-change
of det A(x) = x, which results in the velocity f,—’t‘ transitioning from
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400 to —oo, when x switches from positive to negative values.
In the higher-dimensional settings (n > 1), singular sets typically
form co-dimension one surfaces in the phase space.

2. The scalar example
2.1. The isothermal case

Consider the isothermal case (meaning, the sound speed in
the self-similar flow is spatially constant) described in [6] (see
(10)-(12) in the Appendix)

dv
g(s,V)-d—:f(s, V) (1)
s

where in (12), the whole Newtonian approximation of the equa-
tions of motions and continuity is reduced to the nonlinear equa-
tion (1) in V(s) only, with

g(s,V):=(V —8s)> — 2
f@s, V)= —%V(V —5)(V —8s)

1 , 1
+ -3V — v85)C% — < (V — 85)
S S

+%v [(v —55)? — cz] .

The system (1) has singularity wherever (V — §s)2 — C2 = 0, which
tantamount M2 =1, due to (11) (see the Appendix). Again, in the
phase space, the curves (s, V) with M2 =1 form the singular set
Y ={g(s, V) =0} of the quasilinear DAE (1). The equilibrium set is
E={f(s,V)=0,g(s, V) #0} and the singular equilibrium set is the
intersection of X and the set of zeroes {f(s, V) =0} of f.

Analysis of (1) with (11) around M = —1 is discussed in this
section. The case M =1 can be analyzed in an analogous way.

Fig. 1 shows the solution trajectories of the above model ob-
tained for v=yp =0 and C = 1.2. In order to cover the range of
variables —oo < M <0, 0 <s < oo the coordinates in Fig. 1 are
transformed (see the labels of vertical and horizontal axes). The
sonic points are those with M = —1 (horizontal line M?/(M? +
1) = 0.5). All but three sonic points S1, N and S2 are the im-
passe points where trajectories either originate from or terminate
at. The S1 and S2 are the sonic points where folded saddles are lo-
cated, while the sonic point N is a folded node. Those concepts are
explained in terms of the algebraic and geometric singularities of
DAEs in [15,17] and illustrated in the context of traveling wave so-
lutions of DAEs in [3,19]. The upper half of the square in Fig. 1 is
the supersonic area with —oo < M < —1, while the lower half is
the subsonic area with —1 <M < 0.

Notice that one particular trajectory crosses the sonic line M =
—1 three times. It originates in the upper left corner (supersonic)
of the solution area, passes through S1 into the subsonic area, to
reverse back into the supersonic area (through N), to move again
into the subsonic area (through S2). There are two other smooth
subsonic-supersonic trajectories crossing through S1 and S2. There
exists also continuous (but not differentiable) trajectories crossing
through N and either S1 or S2. They cover all possible transitions:
supersonic-subsonic-supersonic and subsonic-supersonic-subsonic.

2.2. Singularity induced bifurcation in (1)

The above isothermal model with one differential and one al-
gebraic equations (1) and (11), respectively, illustrates the SIB phe-
nomenon present in some DAEs [3,17,19]. The sonic curve M? —1 =
0 (or equivalently (V —8s)% —C? = 0) is the singularity of (1), which
can be crossed by a smooth (at least C!) trajectory if, in addition to
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M2 =1, the f(s, V) in (1) is identically zero and its derivative with
respect to s is non-zero at a sonic point. The SIB phenomenon in
the context of the traveling wave solutions in two-phase fluid flow
and similarity solutions in transonic inviscid flow in aerodynam-
ics has been discussed in [3] and [15], respectively. The later item
is particularly closely related to the topic of this paper, since both
discuss the similarity solutions. Other areas where the SIB phe-
nomenon was reported include the resistive MHD systems [19],
electric power systems [18], and macroeconomics systems [9].

If M =—1, we have h(s,V):=V — §s+ C =0, which together
with (1) form the dynamical system

dv
g(sa V) E:f(svv)7 OZh(S,V), (2)

yielding the matrix pencil

(@ V) 0\ [(df(s,V)/dV df(s.V)/ds
mu={(7G7 ). (e TR} o

with (s, V) := (V — 8s)> — C2. This results in the characteristic
equation

det(LA — L) =d8w(s, VYL —8df (s, V)/dV —df(s,V)/ds=0
and the eigenvalue
_ n(,V)
T Sw(s, V)
where n(s, V) :=38df(s,V)/dV +df (s, V)/ds. (4)

Notice that w(s, V) changes sign at each of the three transonic
points S1, N and S2. When s increases, then w(s, V) changes sign
according to the pattern: +/— at S1, —/+ at N and +/— at S2.
At the three sonic points S1, N and S2 the n(s, V) is negative,
positive and negative, respectively (see the values in the third and
fourth columns in Table 1). Using this fact and the sign changes of
w(s, V) at the three sonic points, one can obtain the sign changes
of A as shown in the fifth column of Table 1; see also Fig. 2. The
eigenvalue A is negative on the left side (when s < s;) and posi-
tive on the right side (when s > s.) of each of the three transonic
points.

The negative signs of A as s — sZ and positive signs as s — s}
at each of the three points of interest indicate that the linear sys-
tem is stable on the left side of each point (negative eigenvalue)
and unstable on the right side (positive eigenvalue). Thus, the tra-
jectory approaches each point of interest and moves away from
that point after crossing the sonic line M = —1 in Fig. 1. Sec-
tion 3.3 provides further discussion on the existence of smooth tra-
jectories through the transonic points. Zeroing in on w(s, V) at the
three points (s¢, V) makes the values of A diverge through infinity
with lims_,s A = o0. This is exactly the same behavior as in the
SIB phenomenon in [17]. Moreover, the divergence of A through in-
finity is equivalent to the increase of the index of the pencil (A, L)
at s =s¢ [17]. The pencil (A, L) is of index 0 when s # s. (because
det(Ar — L) #0) and index 1 if s =5, (det(Axr — L) =0). An ex-
ample of the SIB phenomenon when the index increases from 1 to
3 at the bifurcation point (singularity) is discussed in [18] in the
context of power systems DAEs.

One can also compute other properties of the smooth transonic
solution at the points S1, N and S2 with variables used in Fig. 1(b),
thatis W =V /(|V|+5s) and z=s/(s+ 1), and M = —1 (or V. =

8s¢c — C), as follows
N dw ds)
ds dz/s.ve)

aw dw dv

(WE

172 .

Gt D7 11Vl + 5c — sign(VVOs — Vel. (5)

Vel +50)?

dz |,V
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(a) Transonic crossings at M = —1.
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(b) As in Fig.1(a) for variable V.

Fig. 1. Isothermal case: solution curves with crossings at the sonic points S1 and S2 (folded saddles) and N (folded node). The red dash line is the sonic curve M =
(V —38s)/C=—1 for §=2/3 and C =1.2. A smooth trajectory crosses the sonic curve three times and is of the type: supersonic (M < —1) — subsonic (-1 < M < 0) —
supersonic (M < —1) — subsonic (—1 < M < 0) with 0 < s < co. The case M < 0 is illustrated in both figures. There is a one-to-one correspondence between the respective

trajectories in the two figures above.

Table 1
Data for S1, N and S2 for § =2/3.
point (Sc, Vo) df (sc, Ve)/dV df (sc, Ve)/ds sign(h) dW /dz (see (5))
S1 (0.5325, -0.8450) 12 -4.7753 ——+ 1.4852
N (11559, -0.4294) 1.2 -0.0340 ——+ 2.2193
S2 (7.3117, 3.6745) 1.2 -1.0082 - =+ 0.6869
n(s, V) | | 2 — + ‘+
S 1 A l

Swls, V)| W Foo

A N

BN

Fig. 2. The sign changes and divergence of A through oo at the S1, N and S2 transonic points.

The corresponding values of ‘{1—"‘2/ at the three transonic points are

computed and shown in the last column of Table 1.
3. When M = %1 form two disjoint sonic (or Mach 1) curves
3.1. The (M, V) planar example

The Appendix provides the general model (12), which is equiv-
alent to (10), and details about the self-similar variable s and the
V and M dependent variables. Fig. 3 shows various trajectories of
(12) for y =4/3, C=1.2, § =2/3 and pu = v = 0. The values of
horizontal variable s/(s 4+ 1) close to O indicate either a small ra-
dius r for fixed time instant t, or large t for fixed value of r. For
the horizontal variable s/(s 4+ 1) being close to 1 we have large
values of r with fixed t, or small t for fixed r. Notice the exis-
tence of one particular trajectory - the one passing through the
two folded saddles with the direction marked by the red arrows in
Fig. 3(a). The trajectory begins in the upper left corner in Fig. 3(a)
for s/(s + 1) ~ 0 and ends in the lower right corner for s — oo,
that is s/(s + 1) — 1. The same trajectory is shown in Fig. 3(c)
where the V and s variables are used. The trajectory is of the type
supersonic (M > 1) — subsonic (|M| < 1) — supersonic (M < —1)
with two transonic crossings. There exist two other smooth tran-
sonic crossings (along the directions marked by the blue arrows
in Figs. 3(a) and 3(c)). One of those trajectories passes through
M =1 and the other through M = —1. The coordinates of the two

transonic crossing points are: M =1 and s = 0.3333 (equivalently,
M/(M|+ 1) =05, s/(s+ 1) =0.25) and M = —1, s = 1.631579
(equivalently M/(|M|+ 1) = —0.5, s/(s + 1) = 0.620000).

3.2. Linearization for the (M, V) planar example around transonic
points

If the right-hand sides of the two equations (12) are denoted
by fi(s,M, V) and f>(s, M, V), respectively, then the linearization
of that system around the two transonic points M = +1 (or D =
M? —1=0), can be analyzed through the linearized matrix

D 9D 9D 0o 2 ¢
F) ] F] 3
T = "ai g_% %ﬁ - ddﬁ (';_M iﬁ (6)
G M 2V : v
ihooh ik ih oh 3h
3s oM 9V 3s oM BV
whose singularity is due to the fact that %% = %% The

matrix 7 describes the dynamics of (12) in the following way:
to determine the local behavior of (12) around the points with
M2 —1 =0 one needs to compute the two non-zero eigenvalues of
T, change the signs of those eigenvalues of 7 to opposite when
IM| < 1 (subsonic region) and keep the signs unchanged when
[M| > 1 (supersonic region) - see Section 3.3 for an explanation.

The three eigenvalues of T can be computed from (one of the
eigenvalues is obviously zero)
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(a) Transonic crossings at M = +1 for the sys-
tem (12) having folded saddles at the transonic
points with M /(|M| + 1) = £0.5.

(b) Shaded subsonic region and two
regular saddle points for the desingu-
larized system obtained from (12).

(c) As in Fig.3(a) for variable V.

Fig. 3. Trajectories of (12) for y =4/3 and § =2/3 in Figs. (a) and (c) and desingularized model in Fig. (b). Shown are: (a) two transonic crossings supersonic-subsonic-
supersonic with M/(|M|+ 1) following the path 1 — 0.5 — —0.5 — —1 while s/(s+ 1)) changes from 0 to 1 (the red-arrow path). Single transonic crossings occur along the
blue-arrow paths. (b) saddle points for desingularized (12) with the shaded subsonic region —0.5 < M/(|M|+ 1) < 0.5 in which the flow is reversed compared to that in Fig.
(a). The reversing is described and briefly justified in Section 3.3. (c) transonic-crossing path in variable V with two sonic points: the trajectory originates in the left upper
corner for s & 0 (supersonic area) and ends in the right lower corner for s/(s+1) — 1 and V/(|V|+s) — 0 (supersonic area with M < —1). The middle part of that trajectory
(between the two asterisks) is the subsonic range |[M| < 1. The transonic points (M = +1) are marked with two asterisks and M =0 (or V = §s, see (11)) with the dash
horizontal line. For V = §s we have V/(|V|+5s) =§/(8 + 1) = const, which equals 2/5 for § =2/3.

d 9 df10 9
aM av vV oM as
where the |M| term is to include both transonic points with M =1

and M = —1.
For the two transonic points shown in Fig. 3 we obtain

A(A +19.277928) (A — 2.986459) = 0
forM=1 (s =0.333333, V = 1.367917)

A(A +4.463128) (A — 2.957500) = 0
for M =—1 (s =1.631579, V = 0.325908) (8)

confirming the fact that 7 describes the desingularized system with
real eigenvalues of opposite signs (resulting in two regular saddle
points in Fig. 3(b)). This further yields, after changing the signs of
eigenvalues for [M| < 1, the folded saddle character of both tran-
sonic points for (12), see Fig. 3(a). Such a useful desingularization
process of getting 7 for (12) and using it to obtain folded saddles in
Fig. 3(a) from the regular saddles in Fig. 3(b), is described in more
details, among others, in [15] and [17]. Further details of the solu-
tions in Fig. 3 are provided in the figure caption.

3.3. Remarks on the sonic (singularity) crossing trajectory

The transonic (or singularity) crossing for (1) or (12) falls into
the framework considered in [17] since, both of these models
(equations) are quasilinear DAEs

A(s, x(s))X = b(s, x(s)) (9)

where ()’ =d/ds. The transonic points are those geometric singu-
larities x* := x(s¢) of that DAE system with b(sc, x*) € JA(sc, x*),
for which [17, Theorem 1] is applicable, leading to the conclusion
of the existence of smooth C! transonic solutions. Here, SA(s¢, X*)
denotes the image of A(s¢, x*). The local diffeomorphism used in
[17, page 306] to obtain smooth transonic solution through x* is
the reason for the reversing of the s-direction when analyzing the
solutions of (1) and (12) and their desingularized ODE models. For
example, the diffeomorphism for the scalar case with singularity
w(s, V) (that is dV/ds = f/w in (1), Section 2.1) is the integral

() = f(f w(t, y(1))dt, where y(s) is the solution of y' = f(s, y),
y(0) = x*. When w > 0 around x* (supersonic region), then £(s)
is increasing and the integral curves of f are mapped into those
of f/w with the s-orientation (direction) being preserved. When
w < 0 near x* (subsonic region), then £(s) is decreasing, and the s-
orientation (direction) is reversed along trajectories in that region.
The two integral curves are used to obtain a C! trajectory satisfy-
ing x(sc) = x*. Such a reversal of the s-directions occurring in the
subsonic region results in the reversals of the orbits of the regu-
lar saddles to yield the folded saddles for (9). See [17, page 307] for
more details and [16] for a similar discussion on this topic.

Recall that folded saddle point P is a simple singular equilibrium
of the DAE system for which the eigenvalues of the linearization
matrix, say

fx fy

gxh gyh ’
satisfy 112 € R and A1, < 0. It can be argued that the dynamics
close to a folded saddle is determined by the eigenvectors associ-
ated to the eigenvalues of the corresponding (invariant) manifolds.

The next result asserts that these eigenvectors are never tangent
to ¥ at (simple) singular equilibria.

Proposition. If Xg is a folded saddle, then the eigenvectors (as directions)
associated to eigenvalues A are transverse to the singularity curve X.

Proof. We proceed by contradiction. Suppose the eigenvector for
some eigenvalue A is tangent to X. Thus, the vector (gy, —g)7
tangent to X is an eigenvector of the linearized matrix:

(fx—k fy )(gx>:<fxgy—fygx—)hgy):0
gxh  gyh—A —8x Sxh

implying that either gx =0 or A = 0, both conditions lead to a
contradiction to the assumption that the singular equilibrium is
simple. O
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4. Conclusion

When self-similar flow crosses the sonic curve, the SIB phe-
nomenon occurs. Such crossings from supersonic to subsonic re-
gions (or the other way around) may happen multiple times by
a single trajectory, as illustrated in this paper. When the SIB is
not present at a sonic point, then that point is an impasse point,
where the self-similar solution flow ceases to exist or where the
flow originates from. One may argue that the impasse points are
not physically acceptable, leading to the conclusion that the whole
concept of transonic flows for mathematical models similar to (12),
is flawed, and more complicated model is needed to incorporate
physical phenomena without the possibility of the presence of
impasse points. However, some other areas of science and engi-
neering, for example the electric power system modeling, furnish
examples of the system undergoing dramatic changes and losing
stability - and researchers attempt to explain the collapsing electric
power systems [22], by using the singularity crossing phenomena
[13,18]. Also, the result in [10] is relevant with the discussion of
self-similar Euler flows with gradient collapse (catastrophy) with-
out shock formation.
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Appendix A. The self-similar model: spherically symmetric
gravitational field

Spherically symmetric unsteady flow in the gravitational field
is described by a set of three equations (1)-(3) in [6] with the
dependent variables v (velocity), p (pressure) and p (density),
leading, through the adiabatic assumption and the self-similarity
framework, to the following ODE model in the dependent variables
(M, V) being functions of the independent similarity variable s, as
follows

dMm?

2_ —
M*=1) ds

4

T s(V - 8s)?
+[4yV + (¥ + 12 + V)85 — 25| (V — 85)/(y M?)
— (¥ +1/s}

(M%—1)

2y —1DV2+[-@y —1)8+y —1]sV + 255>

ds

e _ 2
_s(V—(Ss){ Vv =M

+[3yV+ @2+ v)ss —2s](V —8s)/y
—M?/s+ V(V —8s)(M? — 1)} (10)
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where V (s) comes from the flow velocity v = (Gmg)/3t*=1V (s),
8, v and C =s(y P/D)'/? = constant are some real constants, and
s=rt%/(Gmg)!/3 is the similarity variable with G being the gravi-
tational constant. Also, the myg is a constant in the time-dependent
central mass expression m = mot*, u =38 — 2, y is yet another
constant, while P(s) and D(s) are the pressure and density simi-
larity variables, and C is the sound speed. The y =4/3 in Section 2
while it equals 1 in the simplified isothermal case considered in
Section 3.

The instantaneous and local Mach number associated with the
reference frame is defined as

M= (V —8s)/C (11)

and the left-hand sides of (10) are equal zero if (V —é8s)2 —C2 =0.
Using (11) we obtain V — §s = CM, so (10) can also be written
as

dM?

M2 —1)—
( ) s

M? )
=zl -1y

+[-By =18+ y —1]sV +285> — (y +1)/s}

+ syﬂc [4yV + (¥ + 1)(2 + v)8s — 25]

2 p— JES—
(M= —-1) s

1
= =V —9sM
+[ByV +@+v)ss—2s]C/y —M/s+VCM?>—1)} (12)

to form an equivalent system.

The most interesting case occurs when M =1 (or M = —1) and
the right-hand sides in both equations in (12) are zero. Such cases
are considered in this paper and lead to the transonic crossing tra-
jectories with the derivatives of V and M being non-zero. Such
crossings, sometimes called the transonic flows (or solutions) are
considered in Sections 2 and 3 of this paper. Notice that due to
the fact that M = +1, the sonic points form two separate (or dis-
joint) surfaces in the (s, M, V) space. See [4] for similar discussion.
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