BERGERON’S CONJECTURE & A TALE OF TWO BINOMIAL COEFFICIENTS

TEWODROS AMDEBERHAN AND MATTHIAS BECK

Abstract. Bergeron’s conjecture states that, if 1 <a < b< ¢ < d are integers with ad = bc, then one
has the coefficient-wise inequality (bzc)q > (a:d)q among two Gaussian polynomials. It originated
in algebraic combinatorics and is wide open. The corresponding inequality for binomial coefficients
(i.e., the case g = 1) must be known to experts, but we could not find it in the literature. We give two
proofs, each generalizing the statement in a separate direction. Binomial coefficients (and Gaussian
polynomials) are fundamental combinatorial objects, and so one naturally hopes to see a combinatorial
proof of this inequality. However, this seems hard to come by. We nevertheless give a combinatorial
proof of a special case.

1. Introduction

The Gaussian polynomial (for positive integers m > n)

<m> . (1—g™(1—qgm 1) (1—gm 1)

n (I-¢M)(1=g"1)--(1-q)

also known as a g-binomial coefficient, appears in many mathematical instances and enumerate, e.g.,
inversions in 0/1 words, integer partitions, subspaces of finite fields, and quantum groups. Even such
a basic mathematical object can hide surprisingly deep problems; maybe the most famous instance in
this case is the fact that a Gaussian polynomial is unimodal, i.e., its coefficients increase up to some
point and then decrease. While this fact is old (going back to Cayley and Sylvester), a combinatorial
proof was found only in 1990, by O'Hara [5]. Another such deep problem, still wide open, is the
motivation for this note:

Bergeron’s Conjecture. /f1 < a< b< c < d are integers with ad = bc, then
<b+ c) - <a+ d) |
b - a
q q

where the inequality is understood coefficient-wise.

By way of giving a brief historical background, the well-known Foulkes conjecture (see, for in-
stance [2]) was generalized by Vessenes [6]. She conjectured that
(1) (hpohe) = (haohg)

is Schur positive (expands with positive integer coefficients in the Schur basis {s,} -, of symmetric
polynomials) whenever a < b < ¢ < d, with n= ad = bc, and one writes (h, o hy) for the plethysm
of complete homogeneous symmetric functions. One can associate a direct combinatorial meaning
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to Vessenes' conjecture in the context of the representation theory of GL(V). It would be natural
to state that there is a surjective GL(V)-module morphism the other way around (which is also
equivalent). Therefore each GL(V)-irreducible occurs with smaller multiplicity in S?(S9(V)) than it
does in S?(S¢(V)), and the conjecture reflects this at the level of the corresponding characters (with
Schur polynomials appearing as characters of irreducible representations).

On the other hand, a well-known fact is that (h,ohk)(1,q) = (”J,:k)q. Moreover, any non-zero

evaluation of a Schur function at 1 and q is, for some i < j, of the form ¢+ ¢'t1+--- 4+ ¢. Exploiting
these facts on the occasion of [3], and assuming that Schur positivity of (1) holds, Bergeron [2]
underlined that the evaluation of the difference in (1), at 1 and g, would imply the above conjecture.

Again, Bergeron's conjecture is wide open, so it stands to reason that one looks at the special case
g=1:

Theorem 1. /f1 < a< b< c<d are integers with ad = bc, then

()= 02)

This result must be known to the experts, but we could not find a proof in the literature. We give
two proofs below (Theorems 2 and 3); one can be understood by a (good) Calculus student, and the
other uses Euler's gamma function. In fact, in each case we prove a more general result, which might
be of independent interest.

Binomial coefficients are mathematical constructs that are even more basic than Gaussian polyno-
mials, and so the statement of Theorem 1 cries out for a combinatorial proof, which in turn would
surely shed new light on Bergeron's conjecture. However, finding such a proof seems hard.

As is well known, the quantity (ngC) counts integer partitions whose Young diagram fit into a bx ¢
box—in other words, integer partitions with at most b parts, each of which is of size at most c.
(And the Gaussian polynomials give the corresponding generating function.) Thus we may interpret
Theorem 1 via the following heuristic: given positive integers a < b < ¢ < d such that the ax d and
b x ¢ rectangles have the same area, there are more partitions fitting into the “less extreme” b x ¢
box than into the ax d box.

At any rate, to share some productive combinatorial insights, we offer a combinatorial proof of a
special case (setting ¢ =Ba,d = Bb) of Theorem 1 in Section 4.

2. First Proof: Being "real”istic

In what follows, for a real number x and a non-negative integer n, we define the binomial coefficient
in the standard way:

X 1
(n) = Hx(x—l)--'(x—n—i-l).

Furthermore, when both entries are continuous real variables, we extend this definition using Euler’s
gamma function [1, p. 235]. For real numbers x and y (chosen such that the arguments of the gamma
function avoid non-positive integers), this is given by

<x+y> _ T(x+y+1)

x ) Tx+Dr(y+1)
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Theorem 2. /f3 > 1 is a real number and b > a > 1 are integers, then
b+pBa S (@ +0Bb
b - a '
Theorem 1 follows from the special case 8 = %

Proof. Fix a and b. Introduce the following functions of 3:

al
bl

(b-kﬁa)
R(a b,B) = (afﬁb)

- £(5)

where

F(8) = (b+Ba)(b—1+pBa)---(1+Ba) |
(a+pBb)(a—1+4+pBb)---(1+6b)

Because a!, b! > 0, it suffices to verify that f(3) increases for B > 1 or, equivalently, that logf(G)

increases for 8 > 1. This, in turn, follows from a sequence of estimates.

d C b
%logf(ﬁ) - ;/-Fﬁa_;/-i-ﬁb

b a

a a b
e Hl
j:a+1/+5a — i+B8a i+08b
b
a
=2 g )Z((I+ﬁa)(/+ﬁb)>
i=a+1
For 1 <i<a, itis easy to see that
/ a 1

i+Ba = at+Ba pB+1°
Thus
i 1 &1 a
;(i+ﬁa)(/+6b) = B+1;/+ﬁb S CECETDR
On the other hand,

b—a
S > Ab-9)
i /+ﬁa +Ba
Combining these inequalities gives

d(,jﬁ logf(B) > a(b—

1
)<b+[3a (5+1)(1+[3b)>
sy BH DB D) ~pab
=) G Ba) B )1 6D)

If we define g(B) :=(6+1)(Bb+1)—Ba— b) then g(1)=b—a+2>0and ¢'(B)=28b+b—a+1>0
for B8 > 1. Hence g(B) > 0, so this proves d log f(B) > 0 for all B> 1. Therefore f(B), and hence
R(a, b,B), is increasing on [1,00). Since R(a b,1) =1, we conclude R(a,b,B) > 1, which is exactly
(berﬁa) > (a+6b)_ 0

- a
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We remark that this result can also be proved via the famous Chu—-Vandermonde identity [4, (5.22)]

() =206

3. Second Proof: the effect of I

Theorem 3. Let 8 > 0 be a real number. Then the function
x+g
F(x) = Iog( N )

Theorem 1 follows from Theorem 3 by setting 8 = ad = bc and noting the equivalencies a < /8 <=
a<dand b<+vB <= b<c, and so, with a < b <+/B, the monotonicity of F implies F(b) > F(a),

ie.,
b+c a+d
I > | }

F(x)zlogl'<x+z+1>—logl'(x+l Iogr( >
r
-

is increasing on the interval (0,v/6)].

Proof. For x > 0 we may write

Let y:=2 and z:=x+y+1, and recall that the digamma function is ¢ = We compute

F0 = (1-2) 9@ vt D+ 29y +1)

(Y@ Y+l Y(2) Yy +1)
B y( y X )

Observe that
> 1
P'(x) = —2) ——3 <0
k=0 (x+k)
that is, 9 is concave. Hence the secant slope
Y@ =Y
zZ—u
is decreasing in u. Therefore, if x <y, then we gather the comparison

Y(2)—dv(x+1)  Y(2) by +1)
z—(x+1) =  z—(y+1)

But z—(x+1)=yand z—(y+1) =x. Thus F'(x) > 0 whenever x < y. Since y = g, the condition
x <y is equivalent to

x< = = x2<0 < x<+0.
X

Hence F(x) is increasing on the interval (0,/6]. O
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4. Some Combinatorics

We already mentioned that combinatorial proofs for the above results are hard to come by, as much
as they are desired. To exhibit that not all is lost, we now build such a combinatorial proof for a
special case of Theorem 2, that is, B > 2 is an integer (the case B =1 is clear).

b+2a S a+2b .
b . a
Proof. By the division algorithm, we write b= na+r where n>1 and a > r > 0 so that the assertion

is tantamount to
(n+2)a+r S (2n+1)a+2r
2a - a '

Let U be a set with |U| = (n+2)a+r, and let V be a disjoint set with |V| = (n—1)a+r. Define
S=UUV,so |S|=(2n+1)a+2r.
Let's represent the two binomial coefficients as collections of subsets:

e L et A be the collection of all a-element subsets of S, i.e., A={ACS:|Al=a}. Then
(2n+1)a+2r
A = ( )

e Let B be the collection of all (2a)-element subsets of U, i.e., B={B CU:|B|=2a}. Then
(n+2)a+r
5= ( |

Lemma 4. fFor integers b>a>1,

2a
We say that A€ A is linked to Be€ B if ANU C B. Let E denote the total number of such links.

Counting from the B-side. Fix a subset B € B. For a subset A € A to satisfy ANU C B, the set A
cannot contain any element of U\ B. Hence all elements of A must be chosen from the disjoint union
BUV. Since |B|=2aand |V|=(n—1)a+r, we have |[BUV|=(n+1)a+r.

Therefore the number of subsets A linked to a fixed B equals

(n+L)a+r
a :

Because this holds for every B € B, we gather that

E—|B|. ((n+ 1a)a+r> _ ((n+2a+r> ((n+1a)a+r>.

Counting from the A-side. Fix a subset A€ A and let k =|ANU|. Since |A| = a, it must be that
0 < k < a. To construct a subset B € B linked to A, the set B must contain all k elements of ANU.
The remaining 2a— k elements of B must then be chosen from the remaining (n+2)a+ r — k members
of U. Hence the number of such subsets B equals

(n+2)a+r—k\ [((n+2)a+r—k
2a—k N na+r '
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using symmetry of binomial coefficients. On the other hand, we have (n+2)a+r—k>(n+1)a+r.

Using this observation together with the monotonicity () > (), when n>m, it follows that

(n+2)a+r—k - (n+1)a+r\ [((n+1)a+r
na+r - na+r B a '

Thus every subset A € A links to at least

(n+1)a+r
a
subsets in B. Consequently,

E>|Al- ((n+1a)a+r> _ ((2n+1)a+2r> ((n+1)a+r>_

a a

Combining the two counts for E, we arrive at the estimate

(n+2)a+r\ [((n+1)a+r S (2n+1)a+2r\[{(n+1)a+r
2a a - a a '

(n+1)a+r)
a

Canceling the positive factor ( from both gives

<(n—|—2)a+r> < ((2n+ 1)a+2r>

2a a

and hence the proof follows. O
The next result generalizes the above lemma while the spirit of part of its proof remains analogous.

Theorem 5. For integers b> a> 1 and integer B > 2,

b+Ba S a+pBb
b - a '
Proof. For convenience, we write b =na+r where n>1 and a > r > 0 so that the assertion is

tantamount to
(n+B)a+r S (Bn+1)a+pr
Ba - a '
Let U be a set with [U| = (n+B)a+r, and let V be a disjoint set with |V|=(B—-1)(n—1)a+(B—1)r.
Define S=UUV, so |S|=(Bn+1)a+0Or.
Let's represent the two binomial coefficients as collections of subsets:

o Let A be the collection of all a-element subsets of S, i.e., A={ACS:|Al=a}. Then
(Bn+1)a+pr
Al = ( :

a
e et B be the collection of all Ba-element subsets of U, i.e., B={B C U :|B|=Ba}. Then
(n+B)a+r
B ( o)

We say that A€ A is linked to B € B if ANU C B. Let E denote the total number of such links.
We proceed by induction on 8 > 2. The base case 8 =2 is exactly the content of Lemma 4. For
the induction step, assume the inequality in the statement of our theorem holds for 5 — 1.
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Counting from the B-side. Fix a subset B € B. For a subset A € A to satisfy ANU C B, the set A

cannot contain any element of U\ B. Hence all elements of A must be chosen from the disjoint union

BUV. Since |B|=faand |V|=(68—-1)((n—1)a+r), we have |[BUV|=((B—1)n+1)a+(B—1)r.
Therefore the number of subsets A linked to a fixed B equals
(((5—1)n+1)a+(6— 1)r>

a

Because this holds for every B € B, we gather that
-1 1 -1
— (((ﬁ )n+1)a+ (0 >r>

a
_ ((n+5)a+r> <((5— )n+1)a+(B— 1)r>
Ba 3 .

Counting from the A-side. Fix a subset A€ A and let k =|ANU|. Since |A| = a, it must be that
0 <k <a. To construct a subset B € B linked to A, the set B must contain all k elements of ANU.
The remaining Ba— k elements of B must then be chosen from the remaining (n+3)a+ r — k members
of U. Hence the number of such subsets B equals

(n+B)a+r—k\ ((n+Bla+tr—k
Ba—k N na+r ’

using symmetry of the binomials. On the other hand, we have (n+8)a+r—k>(n+8—1)a+r

based on k < a. Using this observation together with the monotonicity of the binomials (}) > (),

when n > m, it follows that

((n+ﬁ)a+r—k> . ((n+5—1>a+r> _ <(n+6—1)a+f>

na-+r na+r (B-1)a

Thus every subset A € A links to at least

((n+6—1)a+r>
(6-1)a

subsets in B. Consequently,

(n+B—-1)a+r\ ((Bn+1)a+pBr\((n+B—-1)a+r
e () = () ()
. ((ﬁn+ 1)a+6r> (((6—1)n+ 1)a+(ﬁ—1)r>
- a a

where the last inequality is due to the induction hypothesis. Combining the two counts for E, from
the B-side and from A-side, we arrive at the estimate

(n+B)a+r\[((B-1)n+1)a+(B—-1)r
Ba a
N ((5n+ 1)a+5r> (((B— )n+1)a+ (8- 1)r> |

a a
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Canceling the positive factor (((Bfl)”?”(ﬁ*l)r) from both gives

<(n+ﬁ)a—i— r) S ((ﬁn—i— 1)a+[5r>

Ba a

and hence the proof follows. O

References

1. Joseph Bak and Donald J. Newman, Complex analysis. 2nd edition, Undergrad. Texts Math., Springer-Verlag, New
York, NY, 1997.

2. Frangois Bergeron, A g-analog of Foulkes’ conjecture, Electron. J. Combin. 24 (2017), no. 1, P1.38 (19 pages).

., A g-Foulkes conjecture, Talk delivered at Bowdoin College, ME (September 24, 2016).

4. Ronald L. Graham, Donald E. Knuth, and Oren Patashnik, Concrete Mathematics. A foundation for computer science.
2nd edition, Addison-Wesley Publishing Company, Reading, MA, 1994.

5. Kathleen M O'Hara, Unimodality of Gaussian coefficients: A constructive proof, J. Combinatorial Theory, Series A
53 (1990), no. 1, 29-52.

6. Rebecca Vessenes, Generalized Foulkes' conjecture and tableaux, J. Algebra 277 (2004), no. 1, 579-614.




